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ON THE ANTICYCLOTOMIC IWASAWA MAIN CONJECTURE FOR
HILBERT MODULAR FORMS OF PARALLEL WEIGHTS
HAINING WANG
Abstract. In this article, we study the Iwasawa theory for Hilbert modular forms over the
anticyclotomic extension of a CM field. We prove a one sided divisibility result toward the
Iwasawa main conjecture. The proof relies on the first and second reciprocity law relating theta
elements to Heegner points Euler system. As a by-product we also prove certain Bloch-Kato
type result in the rank 0 case and a parity conjecture.
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1. Introduction
1.1. Main results. Let F be a totally real field over Q of degree d with ring of integers Of and
n be a non-zero integral ideal of OF . We write F∞ =
∏
v|∞ Fv. Let
Γ0(n) = {
(
a b
c d
)
∈ GL2(OˆF ) : c ≡ 0mod n}.
We take f ∈ Sk(Γ0(n), 1) to be a Hilbert cusp form of level n, parallel even weight k for k ≥ 2 and
trivial central character. We recall the definition of Hilbert modular forms following [Hid88]. For
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a complex function f : GL2(AF )→ C and an element in u ∈ GL2(AF ), we define
f |k u(x) = j(u∞, z0)−k det(u∞)(k−1)f(xu−1)
for x ∈ GL2(AF ), z0 = (i, · · · , i) ∈ Hd and
j : GL2(F∞)×Hd → C, (
(
av bv
cv dv
)
)v|∞ × (zv)v|∞ →
∏
v|∞
(cvzv + dv)v|∞.
Then f belongs to the space Sk(Γ0(n), 1) of Hilbert cusp forms of parallel weight k and trivial
central character if
(1) f |k u = f for all u ∈ Γ0(n)C∞ with C∞ = F∞ SO2(F∞).
(2) For γ ∈ GL2(F ) and z ∈ Z the center of GL2(AF ), f(γzg) = f(g).
(3) For x ∈ GL2(AfF ), the function fx : Hd → C, uz0 → j(u, z0)k det(u)1−kf(xu) is holomor-
phic where u is any element of GL2(F∞).
(4) For all x ∈ GL2(AF ),
∫
F\AF f(
(
1 a
0 1
)
x)d(a) = 0 with a Harr measure d(a) on F\AF .
We denote the space of Hilbert modular cusp forms of weight k, level Γ0(n), with trivial central
character by Sk(Γ0(n), 1). The space Sk(Γ0(n), 1) is acted on by the algebra of Hecke operators
T0(n). A typical element in this algebra acts on a Hilbert modular form by the double coset
[Γ0(n)
(
̟v 0
0 1
)
Γ0(n)]
for a place v in F .
We assume that f is a new(primitive) form in the sense of Shimura [Shi78]. Let K be a totally
imaginary quadratic extension over F with relative discriminant DK/F . Then K determines a
decomposition of n into two integral ideals: n = n+n− where n+ is only divisible by primes split
in K and n− is only divisible by primes that are non-split. In this article we assume that
(ST) the number of prime divisors of n− has the same parity as d.
The assumption (ST) puts us in the situation that
(1) the Hilbert modular form comes from a modular form on a totally definite quaternion
algebra via the Jacquet-Langlands correspondence;
(2) the sign of the functional equation of the Rankin Selberg L-function L(f/K, χ, s) =
L(f ⊗ θχ, s) of f and θχ, the theta series attached to an anticyclotomic character χ, is
+1 cf. [CV07, Remark 1.2].
Let p be an odd prime. We fix an embedding ιp : Q → Cp. Let Ef be the p-adic Hecke field for
the Hilbert modular form f i.e. the field over Qp generated by the Hecke eigenvalues of f induced
by ιp. We let Of be the ring of integers of Ef and ̟ be a uniformizer of Of . Denote by av(f) the
Hecke eigenvalue of f at the prime v. We assume the following ordinary assumption at p for f :
(ORD) av(f) is a unit in Of for all v | p.
Let ρf : Gal(F¯ /F ) → GL2(Ef ) be the p-adic Galois representation associated to f cf. [Wil88],
[Tay89]. We know that det ρf = ǫk−1 where ǫ is the p-adic cyclotomic character ofGF = Gal(F¯ /F ),
and that if l is a prime not dividing pn, then the characteristic polynomial of ρf (Frobl) is given by
x2 − al(f)x+N(l)k−1,
here Frobl is the Frobenius element at l. In this article we will consider the selfdual twist of ρf ,
namely ρ∗f := ρf ⊗ ǫ
2−k
2 . Let Vf be the underlying representation space for ρ∗f and Tf be a GF
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stable Of lattice in Vf and Af = Vf/Tf . By (ORD) and a result of Wiles [Wil88, Theorem 2], for
v a place dividing p in F , the restriction of ρ∗f at GFv is of the form
ρ∗f |GFv=
(
χ−1v ǫ
k
2 ∗
0 χvǫ
2−k
2
)
where χv is an unramified character of GFv such that χv(Frobv) = αv with αv the unit root of the
Hecke polynomial x2−av(f)x+N(v)k−1.This induces an exact sequence of representations of GFv
0−→F+v Vf−→Vf−→F−v Vf−→0
where GFv acts on F
+
v Vf (resp.F
−
v Vf ) via ǫ
k
2 χ−1v (resp.χvǫ
2−k
2 ). Define F+v Af to be the image of
F+v Vf in Af .
Let p be a fixed prime in F over a rational prime p such that p ∤ nDK/F . Let Hm be the ring
class field of conductor pm and let Gm = Gal(Hm/k) be the ring class group. The group Gm
corresponds to K×\Kˆ×/Oˆ×pm Fˆ× via class field theory and here Opm is the order in K of conductor
pm. Our convention of ring class field follows that of [AN10, Section 1.1]. Let dp = [Fp : Qp] be
the inertia degree of p and we put K∞ to be the maximal Z
dp
p -extension of K in the tower of ring
class fields of K with p-power conductor. Let Km be the m-th layer of K∞. Let Γ = Gal(K∞/K)
and let Λ = Of [[Γ]] be the dp variable Iwasawa algebra over Of . We also put Γm = Gal(Km/K).
In this article we study the structure of the minimal Selmer group
Sel(K∞, Af ) := ker{H1(K∞, Af )→
∏
v∤p
H1(K∞,v, Af )×
∏
v|p
H1(K∞,v, Af/F+p Af )}.
On the analytic side, based on the work of Chida-Hsieh [CH12], Hung [Hun14] has constructed an
element θ∞(f) ∈ Λ which we will refer to as the theta element such that for each finite character
χ : Γ−→µp∞ of conductor ps, it satisfies
χ(θ∞(f)2) = Γ(
k
2
)2u2K
√
DKD
k−1
K
D
3
2
F
N(p)s(k−1)χ(N+)ǫp(f)ap(f)−sep(f, χ)2
L(f/K, χ, k/2)
Ωf,n−
.
Here
(1) DF (resp.DK) is the absolute discriminant of F (resp.K).
(2) We fix a decomposition n+ = N+N+ where N+ is the complex conjugation of N+.
(3) ǫp(f) is the local root number of f at p.
(4) uK = [O×K : O×F ].
(5) ep(f, χ) is the p-adic multiplier defined as follows
ep(f, χ) =

1 if χ is ramified;
(1 − α−1p χ(P))(1 − α−1p χ(P)) if s = 0 and p = PP is split;
1− α−2p if s = 0 and p is inert;
1− α−1p χ(P) if s = 0 and p = P2 is ramified.
(6) Ωf,n− is a complex period associated to f . It is known as the Gross period and is given by
[Hun14, (5.2)].
In this article we prove half of the anticyclotomic Iwasawa main conjecture for Hilbert modular
forms under similar hypothesis at p as in [CH15b]. Let nρ¯ be the Artin conductor of the residual
Galois representation ρ¯f .
Hypothesis (CR+).
(1) p > k + 1 and #(F×p )k−1 > 5;
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(2) The restriction of ρ¯f to GF (√p∗) is irreducible where p∗ = (−1)
p−1
2 p;
(3) ρ¯f is ramified at l if l | n− and N(l)2 ≡ 1 (mod p);
(4) n
nρ¯
is coprime to nρ¯.
For primes dividing n+, we assume that
Hypothesis (n+-DT). if l || n+ and N(l) ≡ 1 (mod p), then ρ¯f is ramified.
At places above p, we impose the condition
Hypothesis (PO). a2v(f) 6≡ 1(mod p) for all v | p if k = 2 .
In order to prove the second reciprocity law, we assume that the so-called "Ihara’s Lemma" is true
in our setting. We refer the reader to Assumption 6.3 for the precise statement.
We put Lp(K∞, f) = θ∞(f)2 as an element in Λ. It is well known that the Selmer group
Sel(K∞, Af ) is a cofinitely generated Λ-module and let charΛSel(K∞, Af )∨ be the characteris-
tic ideal of its Pontryagain dual. The Iwasawa main conjecture for Hilbert modular forms over the
anticyclotomic extension K∞ predicts the following
Conjecture 1.
charΛSel(K∞, Af )∨ = (Lp(K∞, f)).
It can be seen as a family version of the Bloch-Kato conjecture which relates the size of the Selmer
groups with the L-function. We prove in this article the following result (one sided divisibility)
toward the Iwasawa main conjecture for Hilbert modular forms over the anticyclotomic extension.
Theorem 1. Assume (CR+), (PO), (n+-DT) and the "Ihara’s lemma" are true. Then
charΛSel(K∞, Af )∨ | (Lp(K∞, f)).
Recall for each finite generated module X over Λ, X is pseudo-isomorphic to Λr ⊕∏i Λ/(̟µi)⊕∏
j Λ/(f
mj
j ) for some distinguished polynomials fj [Lan90, Theorem 3.1]. The algebraic Iwasawa
µ-invariant µ of X is defined to be µ =
∑
j µj . An immediate corollary of this theorem and the
result of Hung [Hun14, Theorem B] is the following corollary.
Corollary 1. Assume the same hypothesis in Theorem 1. Then the Λ-module Sel(K∞, Af ) is
cotorsion with trivial algebraic µ-invariant.
The ingredients of the proof of this theorem can also be used to prove the following result in
the direction of the Bloch-Kato conjecture. We refer the reader to [BK90] for more about the
conjecture and for the definition of their Selmer group.
Theorem 2. Assume (CR+), (PO), and (n+-DT) hold. Let χ be a finite order character of
Γm = Gal(Km/K) and assume
L(f/K, χ, k/2) 6= 0,
then the Bloch-Kato Selmer group Self (K,Vf,χ) = 0.
Using this result, we obtain as a corollary the proof of the parity conjecture below.
Theorem 3. Assume (CR+), (PO), and (n+-DT) hold. Let χ be as in Theorem 2, then
ords=k/2L(f/K, χ, s) ≡ rankSelf (K,Vf,χ) (mod 2).
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1.2. Strategy of the proof. To prove this one-sided divisibility result, we follow the scheme of
[BD05] and its modification in [PW11], [CH15b]. We give an account of the strategy to prove
Theorem 1 in this section and summarize the structure of this article.
• In section 2 we collect some basic facts about Galois cohomology over the anticyclotomic
tower and introduce various Selmer groups associated to the Galois representation ρ∗f .
Notably we introduce the ∆-ordinary, S-relaxed Selmer group SelS∆(L, Tf,n) for some L
contained in K∞. In section 3, we study Hilbert modular forms on a definite quaternion
algebra B over F . In section 4, we study the Shimura curve obtained from B by inter-
changing the invariant at an infinite place of F and a place inert in K. In particular, we
give a modular description of the component group of its special fiber at a prime of bad re-
duction. We will construct in section 5 an Euler system κD(l) ∈ Ĥ1(K∞, Tf,n) indexed by
(l,D). Here l is an n-admissible prime in the sense of Definition 2.1 and D = (∆, g) consists
of ∆ = n−S where S is a square free product of even number of n-admissible primes and g
is a weight two modular form on the definite quaternion algebra of discriminant ∆ whose
Hecke eignevalues are congruent to those of f modulo ̟n. The construction is based on a
level raising principle initiated by Ribet [Rib90], see also [BD05, Theorem 5.15]. Roughly
speaking, for each admissible form D = (∆, g) and an n-admissible prime l, one can prove
an isomorphism Tf,n ≃ TpJ [l]n /I [l]g where TpJ [l]n is the p-adic Tate module of the Jacobian
J
[l]
n of a Shimura curve and I [l]g is an ideal corresponding to g in a suitable Hecke alegbra.
Then the Euler system κD(l) is produced using the Euler system of Heegner points on J
[l]
n .
• Section 6 is devoted to the proof of the so called first and second reciprocity laws. The
first reciprocity law relates the residue of κD(l) ∈ Ŝel∆l(K∞, Tf,n) at l to an element
θ∞(D) ∈ Of,n[[Γ]]. This element θ∞(D) ∈ Of,n[[Γ]] is closely related to the theta ele-
ment θ∞(f) via congruences. For two admissible primes l1 and l2, the second reciprocity
law is the assertion that there exists an n-admissible form D′′ = (∆Bl1l2, g′′) such that
vl1(κD(l2)) = vl2(κD(l1)) = θ∞(D′′). Here vl1(κD(l2)) (resp. vl2(κD(l1))) is the image of
κD(l2) (resp.κD(l1)) in the finite part of the local Galois cohomology group which is of rank
1 over Λ. The proof of the first reciprocity law is quite straightforward while the proof of
the second reciprocity law relies on the "Ihara’s lemma" which we treat as Assumption 6.3.
• The first reciprocity law and second reciprocity law allow one to use an induction argument
to prove the important Theorem 7.9. We sketch the structure of the proof here. Let
ξ : Λ → Oξ be a character of the Iwasawa algebra of Γ over Of . For any Oξ module M
and each x ∈M , we denote by ord̟ξ(x) = sup{m ∈ Z∪ {∞} | x ∈ ̟mξ M} the divisibility
index of x . For each positive integer n and n-admissible form D = (∆, f), we define two
integers:
(1.1)
sD = lengthOξ Sel∆(K∞, Af,n)
∨ ⊗ξ Oξ;
tD = ord̟ξξ(θ∞(D)) where ξ(θ∞(D)) ∈ Of,n[[Γ]]⊗ξ Oξ = Oξ/̟nξ .
The first one measures the length of the specialization of the Selmer group and the second
one measures the divisibility of the specialization of the theta element. We would like to
show sD ≤ 2tD. We do induction on the number tD. It follows from the first reciprocity
law that if tD = 0, then sD = 0 and we have the base case. The underlying principle in the
base case is the rank 0 case of the Bloch-Kato conjecture which we will treat in chapter 8.
For the induction step, we choose a suitable n-admissible prime l1 and define
(1.2) eD(l1) = ord̟ξ(κD,ξ(l1))
which is the divisibility index of the specialization class κD,ξ(l1) in the Selmer group. By
the choice of l1, we have eD(l1) < tD. Now we choose a second n-admissible prime l2 and
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define an n-admissible form D′′ = (∆l1l2, g). By carefully choosing the admissible prime
l2, we can show tD′′ = eD(l1) < tD using the second reciprocity law. Thus by the induction
hypothesis, we have sD′′ ≤ 2tD′′ . To finish the proof, we show sD − sD′′ ≤ 2(tD − tD′′) by
comparing the Selmer group ordinary at ∆ with the Selmer group ordinary at ∆l1l2.
The induction argument is based on the following principle which plays a prominent
role in the recent proof of the Kolyvagin’s conjecture by Wei Zhang [Zha14]: level raising
will make the theta element more primitive and at the same time will bring down the rank
of the Selmer group. The one divisibility of Iwasawa main conjecture follows directly from
Theorem 7.9.
• Beyond the applications on the proof of the one divisibility result, the first reciprocity
law can also be used in proving the Bloch-Kato type result Theorem 2 stated above.
We note that the proof of the first reciprocity law does not rely on the "Ihara’s lemma"
cf. Assumption 6.3. With this Bloch-Kato type result at hand, we prove the parity con-
jecture in Theorem 3 in our setting using the general method of Nekovar in [Nek07]. We
remark that this result is not new and is treated by Nekovar in [Nek08]. However our
method is different with Nekovar’s method, while Nekovar uses Hida family of Hilbert
modular forms, we deform the character χ that we twist our Hilbert modular form by. A
similar argument is used in [CH15a, Theorem 6.4] to prove the Parity conjecture in their
setting. Chapter 8 is devoted to prove these results. In chapter 9, we prove a multiplicity
one result for the space of quaternionic Hilbert modular forms as a module over the Hecke
algebra upon localizing at certain maximal ideal. This multiplicity one result is crucial in
proving the first and second reciprocity law mentioned earlier.
• The proof of the one divisibility result Theorem 1 relies on the freeness result of the
Selmer group theorem cf. Proposition 7.6. This freeness result in turn is based on the
control theorem for Selmer groups cf. Proposition 2.10. However the control theorem only
holds when we replace the hypothesis (n+-DT) by the stronger one:
Hypothesis (n+-min). if l | n+, then ρ¯f is ramified at l.
Thus we will first prove Theorem 1 under the hypothesis (n+-min). However we can
relax the assumption (n+-min) to (n+-DT) using the one divisibility result proved under
(n+-min). This is carried out in chapter 10 based on the method invented by Pollack-
Weston cf. [PWK15]. Using their method we bypass the control theorem to establish
the freeness result Lemma 10.12. Note their result fixes a gap in [CH15b] who mistakenly
proved the control theorem under the hypothesis (n+-DT) cf. [CH15b, Proposition 1.9(2)].
This gap is also implicit in [PW11].
1.3. Historical remark. The method to construct Euler system and to prove the one divisibility
result employed in this paper originates from the work of Bertolini and Darmon [BD05], [BD96]
where the one divisibility result for elliptic curve over Q is proved. We also note that Bertolini-
Darmon assume the corresponding modular forms are p-isolated, which is assumption that excludes
the possibility of congruences between the modular form in question with the others. The study
of the µ-invariant of the corresponding p-adic L-function is carried out by Vastal [Vat03], [Vat02]
where the celebrated Mazur’s conjecture for the definite case (Gross points) is handled. The method
in [BD05] is subsequently strengthened to handled the more general weight 2 modular form case by
Pollack-Weston in [PW11] and the p-isolated condition is relaxed. However the proof there contains
a little gap concerning the freeness of Selmer groups, fortunately the authors themselves are able
to resolve this issue [PWK15] see also the last chapter in the present article. For modular forms
of small weight (comparing to p), Chida-Hsieh has constructed the higher weight theta element
in [CH12] using congruence between modular forms of different weights when evaluated at CM
points. The one divisibility of the main conjecture is proved in [CH15b] adapting a similar method
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as in [PW11] and the study of the µ-invariant of the p-adic L-function is carried out in [CH12]. In
another direction, Longo first proved the one divisbility result in [Lon12] for Hilbert modular forms
of parallel weight 2 under similar assumption as in [BD05], some of the assumptions are removed
by Van Order in [VO13]. As for the µ-invariant, Cornut-Vastal successfully extended the results
in[Vat02] to the totally real field [CV07]. In [Hun14], the higher weight theta element for Hilbert
modular forms is studied, in particular a similar non-vanishing result to [CV07] is proved. The
present article treat the one divisibility of the Iwasawa main conjecture for small parallel weight
Hilbert modular forms based on the work of [CH15b] and [Hun14].
1.4. Notations and conventions. Let L be a number field. We denote by OL its ring of integers.
If v is a place of L, we identify it with a non-zero prime ideal in OL and we denote its absolute
norm by N(v). We write the completion of L at v as Lv and its valuation ring as OL,v. We will
write ̟v as the uniformizer of OL,v. If M/L is an algebraic extension and v is a place in L, we
will set Mv = M ⊗ OL,v and similarly OM,v = OM ⊗ OL,v. We use the standard notations for
Galois groups GL = Gal(L¯/L). We denote by Frobv a Frobinius element at v in Gal(L¯/L). For a
place v of L, we use the notation ILv for the inertia group of L at v. When without the risk of
confusion, we abbreviate ILv by Iv. We denote by L
ur
v the maximal unramified extension of Lv.
Recall we defined in the introduction for f , the p-adic Hecke field Ef , its ring of integers Of , a
uniformizer ̟ and Of,n = Of/̟n.
1.5. Acknowledgments. This article is the author’s thesis at Penn state university. There seems
to be an increasing interest towards this thesis and the author finally decided to revise it and make
it available on arXiv. I would like to thank my advisor Professor Winnie Li for constant help and
encouragement during my graduate studies. As is clear to the reader, this thesis is an extension of
a result of Masataka Chida and Ming-Lun Hsieh. I would like to express my gratitude to my thesis
advisor Professor Ming-Lun Hsieh for generously sharing his knowledge with me and answering
numerous questions not restricted to the topic of this thesis.
2. Selmer groups
2.1. Galois cohomology. In this section we define several versions of Selmer groups that are
related to the Galois representations attached f and prove some standard results about the behavior
of the local cohomology over the tower of anticyclotomic extensions. Let L be a finite algebraic
extension of F andM be a discrete GF module. For a place l in F , we define the local cohomology
groups
H1(Ll,M) = ⊕λ|lH1(Lλ,M)
where the sum is taken over the places in L above l. Similarly we define
H1(Il,M) = ⊕λ|lH1(Iλ,M)
for the inertia group Iλ = ILλ . Let resl : H
1(L,M) → H1(Ll,M) be the restriction map. We
define the finite part of the local cohomology group as
H1fin(Ll,M) = ker{H1(Ll,M)→ H1(Il,M)}
and the singular quotient as
H1sing(Ll,M) = H
1(Ll,M)/H
1
fin(Ll,M).
We denote by ∂l the residual map obtained from the composition of the restriction map with the
natural quotient map
(2.1) ∂l : H1(L,M)→ H1(Ll,M)→ H1sing(Ll,M).
8 HAINING WANG
2.2. Selmer group. In this subsection, we define certain Slemer groups for the Hilbert modular
form f . First we need to recall some properties of the Galois representation associated to f ,
since we are working in the ordinary setup, this representation is constructed in [Wil88]. Let
ρf : GF → AutEf (Vf ) be the Galois representation attached to f and we fix a Galois stable lattice
Tf in Vf and put Af = Vf/Tf . Denote by ρ∗f = ρf ⊗ ǫ
2−k
2 the self dual twist of ρf . We collect the
following properties of ρ∗f cf. [Nek06, Chapter 12]:
(1) ρ∗f is unramified outside of np.
(2) ρ∗f |GFv=
(
χ−1v ǫ
k
2 ∗
χvǫ
2−k
2
)
for any v above p. Here χv is an unramfied character such
that χv(Frobv) = αv(f) with αv(f) the unit root of the Hecke polynomial of f at v.
(3) ρ∗f |GFl=
( ±ǫ ∗
±1
)
for any l dividing n exactly once.
Let ̟ be a uniformizer of Of we set:
(1) Of,n = Of/̟n;
(2) Tf,n = Tf/̟n;
(3) Af,n = ker{Af ̟
n
−→Af}.
Definition 2.1. A prime l in F is said to be n-admissible for f if
(1) l ∤ pn;
(2) l is inert in K;
(3) N(l)2 − 1 is not divisible by p;
(4) ̟n divides N(l)
k
2 +N(l)
k−2
2 − ǫlal(f) where ǫl ∈ {±1}.
Let L/K be a finite extension, we now define F+l Af,n and H
1
ord
(Ll, Af,n) for a prime l of F which
divides pn− or is n-admissible.
2.2.1. l = v | p. We have 0−→F+v Vf−→Vf−→F−v Vf−→0 where F+v Vf is the subspace that GFv
acts by χ−1v ǫ
k
2 as in the introduction. We take F+v Af to be the image of F
+
v Vf in Af and F
+
v Af,n
be Af,n ∩ F+v Af .
2.3. l | n−. In this case we let F+l Vf to be the subspace of Vf such that GFl acts by ±ǫ. Then
F+l Af and F
+
l Af,n are defined similarly as above
2.3.1. l is n-admissible. Since l is n-admissible, we know that the characteristic polynomial for the
action of Frobl is given by x2 − ǫl(1 +N(l))x +N(l) = (x − ǫlN(l))(x − ǫl) modulo ̟n. We thus
let F+l Af,n to be the line that Frobl acts by ǫlN(l).
Definition 2.2. In all three cases we will define the ordinary cohomology group by
H1ord(Ll, Af,n) = ker{H1(Ll, Af,n)→ H1(Ll, Af,n/F+l Af,n)}.
Let ∆ be a square free product of primes in F such that ∆/n− is a product of even number of
n-admissible primes and let S be an integral ideal of F such that S is prime to p∆n.
Definition 2.3. ForM = Af,n or Tf,n, we define the∆-ordinary, S-relaxed Selmer group SelS∆(L,M)
with respect to the data (f, n,∆, S) to be the group of elements s ∈ H1(L,M) such that
(1) ∂l(s) = 0 for all l ∤ p∆S;
(2) resl(s) ∈ H1ord(Ll,M) for all l | p∆;
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(3) resl(s) is arbitrary at l | S.
When S is trivial we will abbreviate Sel1∆(L,M) as Sel∆(L,M).
2.4. Anticyclotomic tower and Selmer groups. Let m be a non-negative integer. Denote by
Hm the ring class field of conductor pm over K. Let Gm = Gal(Hm/K) and H∞ = ∪∞m=1Hm.
Let K∞ be the unique subfield of H∞ such that Gal(K∞/K) ≃ Zdpp where dp is the inertia degree
of p and we call K∞ the p-anticyclotomic Z
dp
p -extension over K. We put Γ = Gal(K∞/K). Let
Km = K∞ ∩ Hm be the m-th layer of this tower of extensions and Γm = Gal(Km/K) so that
Γ = lim←−m Γm. Let Λ = Of [[Γ]] be the Iwasawa algebra over Of and mΛ be its maximal ideal.
Let
H1(K∞, Af,n) = lim−→
m
H1(Km, Af,n)
where the limit is with respect to the restriction maps and
Ĥ1(K∞, Tf,n) = lim←−
m
H1(Km, Tf,n)
where the limit is with respect to the corestriction(norm) maps.
We can define various local cohomology groups H1∗ (K∞,l, Af,n) and Ĥ1∗ (K∞,l, Tf,n) in the similar
fashion. Here ∗ can be any of the finite, singular or ordinary structure defined above. Now we can
define
SelS∆(K∞, Af,n) = lim−→
m
SelS∆(Km, Af,n),
Ŝel
S
∆(K∞, Tf,n) = lim←−
m
SelS∆(Km, Tf,n).
Recall we have defined the minimal Selmer group Sel(K∞,M) in the introduction.
Proposition 2.4. Assume (CR+) and (n+-DT) hold. Then Sel(K∞, Af ) is of finite index in
lim−→
n
Seln−(K∞, Af,n).
If furthermore Seln−(K∞, Af ) is Λ-cotorsion, then they are equal to each other.
Proof. This follows from the proof of [PW11, Proposition 3.6]. The exact same computation shows
that Seln−(K∞, Af,n) is of finite index in Sel(K∞, Af )[̟n] with index independent of n, then the
result follows from the fact that Sel(K∞, Af ) has no finite index submodule if it is Λ-cotorsion. 
2.5. Properties of local Iwasawa cohomologies. In this subsection we prove some standard
results on the local cohomology groups defined before. Since we know that Af,n and Tf,n are
Cartier dual to each other, we have the following local Tate pairing for each prime l in Km
〈, 〉l : H1(Km,l, Tf,n)×H1(Km,l, Af,n)→ Ef/Of .
Taking limit with respect to m, we have
〈, 〉l : Ĥ1(K∞,l, Tf,n)×H1(K∞,l, Af,n)→ Ef/Of .
The following lemma is well-known.
Lemma 2.5. Suppose l ∤ p, H1fin(K∞,l, Af,n) and Ĥ
1
fin(K∞,l, Tf,n) are orthogonal complement to
each other under the pairing 〈, 〉l.
Proof. This is a standard result. See [Rub00, Proposition 1.4.2, 1.4.3]. 
10 HAINING WANG
It follows from the above lemma that H1fin(K∞,l, Af,n) and Ĥ
1
sing(K∞,l, Tf,n) are dual to each other
under the above pairing.
One of the differences between the cyclotomic Iwasawa theory and the anticyclotomic Iwasawa
theory is the existence of primes that split completely in the Zp-extension and as a consequence
we have the following lemma.
Lemma 2.6. Suppose l ∤ p is a prime in F . Then
(1) if l splits in K, then H1fin(K∞,l, Af,n) = {0} and hence Ĥ1sing(K∞,l, Tf,n) = {0} .
(2) If l is inert inK, then Ĥ1sing(K∞,l, Tf,n) ≃ H1(Kl, Tf,n)⊗Λ and it follows thatH1fin(K∞,l, Af,n) ≃
Hom(Ĥ1sing(Kl, Tf,n)⊗ Λ, Ef/Of ).
Proof. Suppose that l = l1l2 in K, then the Frobenius element in Gal(K∞/K) above li is non-
trivial. Hence it generates a subgroup of finite index in G∞ and K∞,li is a finite product of
unramified Zp extension of Kli . Then (1) follows because the pro-p part of Gal(K
ur
li
/K∞,li) is
trivial by definition. If l is inert in K, then by class field theory, l splits completely in the tower
K∞/K. The conclusion of (2) follows easily from Shapiro’s lemma. 
For n-admissible primes, we have a simple decomposition of the local cohomologies.
Lemma 2.7. If l is n-admissible, then
(1) both Ĥ1sing(K∞,l, Tf,n) and Ĥ
1
fin(K∞,l, Tf,n) are free of rank one over Λ/̟
nΛ.
(2) We have the following decompositions:
Ĥ1(K∞,l, Tf,n) = Ĥ1fin(K∞,l, Tf,n)⊕ Ĥ1ord(K∞,l, Tf,n)
and
H1(K∞,l, Af,n) = H1fin(K∞,l, Af,n)⊕H1ord(K∞,l, Af,n).
Proof. By the definition of n-admissible primes, we have a decomposition Af,n = F+l Af,n ⊕
F−l Af,n. Hence it induces a decomposition H
1(Kl, Af,n) = H
1(Kl, F
+
l Af,n) ⊕ H1(Kl, F−l Af,n).
By definition, we have H1
ord
(Kl, Af,n) = H
1(Kl, F
+
l Af,n). On the other hand, we have
H1fin(Kl, Af,n) = F
−
l Af,n/(Frobl − 1)F−l Af,n = F−l Af,n
since l is n-admissible and Frobl acts trivially on F−l Af,n. The claim then follows from the fact
that H1(Kl, F−l Af,n) = F
−
l Af,n by local Tate duality and Kummer theory. The rest of the lemma
then follows immediately. 
Proposition 2.8. Assume (CR+), (n+-DT) and (PO) hold. Then for l an n-admissible prime or
a prime dividing pn−, H1
ord
(K∞,l, Af,n) and Ĥ1ord(K∞,l, Tf,n) are orthogonal complement to each
other.
Proof. We will treat three different cases.
(l is admissible) In this case the claim follows directly from the previous lemmas.
(l | n− ) By definition we have an exact sequence
(2.2)
0−→H1ord(Kl, Af,n)−→H1(Kl, Af,n)−→H1(Kl, Af,n/F+l Af,n)−→
H2(Kl, F
+
l Af,n)−→H2(Kl, Af,n)−→H2(Kl, Af,n/F+l Af,n)−→0.
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It follows from this exact sequence and the local Euler characteristic formula, |H1(Kl, Af,n)| =
|AGKlf,n |2 and |H1ord(Kl, Af,n)| = |A
GKl
f,n |. This means we only need to prove the ordinary cohomology
groups are orthogonal to each other.
By definition, we have an exact sequence
0−→H1fin(Kl, F+l Af,n)−→H1(Kl, F+l Af,n)−→H1sing(Kl, F+l Af,n)−→0.
WhenN(l)2 6≡ 1 (mod ̟n), H1(Kl, F+l Af,n) annihilatesH1(Kl, F+l Tf,n) since they pair toH2(Kl,Of,n(ǫ2)) =
0. AsH1
ord
(Kl, Af,n) (resp.H1ord(Kl, Tf,n)) is contained in the image ofH
1(Kl, F
+
l Af,n) (resp.H
1
ord
(Kl, Tf,n)),
the claim in this case follows.
When N(l)2 ≡ 1 (mod ̟n), a direct calculation shows that H1
ord
(Kl, Af,n) = H
1
fin(Kl, Af,n)
(resp.H1
ord
(Kl, Tf,n) = H
1
fin(Kl, Tf,n)). In fact, we can show that bothH
1
ord
(Kl, Af,n) andH1fin(Kl, Af,n)
are of rank 1 over Of,n and there is an injection H1ord(Kl, Af,n) →֒ H1fin(Kl, Af,n). The orthogo-
nality then follows from Lemma 2.5.
(l = v | p) Let L/K be a finite extension in K∞. We need the following lemma.
Lemma 2.9. For v a place of L above p, we have H0(Lv, F−v Af,n) = 0.
Proof. Notice the cyclotomic character ǫ is surjective on ILv and hence F
−
v Af,n = Af,n/F
+
v Af,n =
On(χvǫ1− k2 ) has no fixed part by ILv unless k = 2. In the case k = 2, (F−v Af,n)GLv = (On(χv))〈Frobv〉
and χv(Frobv) = αp
srv
v . Here p
s is the inertia degree of L over K at v and rv ∈ {1, 2} depending
on whether v splits in K. It follows from our assumption (PO) that αrvp
s
v is not 1 on F
−
v Af,n.
Then we can conclude that H0(Lv, F−v Af,n) = 0. 
By the definition of the ordinary cohomology and Lemma 2.9, we have
H1ord(Lv, Af,n) = H
1(Lv, F
+
v Af,n).
The same statement holds if we replace Af,n above by Tf,n. The claim in the case l = v | p then
follows from the fact that H1(Lv, F+v Af,n) is the orthogonal complement of H
1(Lv, F
+
v Tf,n). 
2.6. Control theorems of Selmer groups. Recall S and ∆ as in Definition 2.3 and let L/K be
a finite extension contained in K∞.
Proposition 2.10. Assume (CR+), (n+-min) and (PO) hold, then
(1) the restriction maps
H1(K,Af,n)→ H1(L,Af,n)Gal(L/K)
and
SelS∆(K,Af,n)→ SelS∆(L,Af,n)Gal(L/K)
are isomorphisms;
(2) SelS∆(L,Af,n) = Sel
S
∆(L,Af )[̟
n].
Proof. The first claim in part (1) follows from (CR+)(1) and the inflation-restriction exact se-
quence since by (CR+)(1), H0(L,Af,n) = 0.
By the definition of the Selmer group and an application of the snake lemma, it suffices to show
the following claims in order to prove the rest of the assertions in (1):
(1) H1(Kurl , Af,n)−→H1(Lurl , Af,n) is injective for l ∤ p∆;
(2) H1(Kl, F−l Af,n)−→H1(Ll, F−l Af,n) is injective for l | p∆.
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When l ∤ p∆ or l | ∆, the first claim is clear as K∞ is unramified outside p and hence Kurl = Lurl .
If l = v | p, then by the inflation-restriction exact sequence, we only need to show F−v A
GLP
f,n = 0
for P a place above v. This is Lemma 2.9 and this concludes the proof of (1).
As for (2), we consider the following exact sequence
0−→Af,n−→Af−→Af−→0.
By (CR+)(1) and the fact that K∞/K is Galois, we have AGLf,m = 0 for every m. Then A
GL
f = 0.
Hence by the inflation-restriction exact sequence again, the map
SelS∆(L,Af,n)−→SelS∆(L,Af )[̟n]
is injective. To show surjectivity, by a similar consideration as in (1), we are led to prove the
following claims:
• H1(Lurl , Af,n)−→H1(Lurl , Af ) is injective for l ∤ p∆.
• H1(Ll, F−l Af,n)−→H1(Ll, F−l Af ) is injective for l | p∆.
For the first claim, if l ∤ n+,then the Galois action is trivial and the claim follows immediately. In
the case l | n+, the claim follows from our assumption in (2) since then H0(Lurl , Af ) is divisible.
We prove the second. For l | ∆, the action of GLl is trivial and hence the claim follows immediately.
For l = v | p, we have proved in Lemma 2.9 that H0(Lv, F−v Af,m) = 0 for any m and hence
H0(Lv, F
−
v Af ) = 0. Therefore we have the injectivity in the case l = v | p.

3. Automorphic forms on quaternion algebra
In this section we define the notion of automorphic forms on quaternion algebra over a totally
real field. In order to use the congruences between Hecke eigenvalues of the Hilbert modular
forms, by the Jaquet-Langlands correspondence it suffices to study the Hecke eigenvalues of these
quaternionic automorphic forms.
3.1. Hecke algebra on quaternion algebras. Let B be a quaternion algebra over the totally
real field F and B̂ = B ⊗ Zˆ. Set ∆B to be the discriminant of B over F . Let Σ be a finite set of
places of F . We let
B̂(Σ),× = {x ∈ B̂× : xv = 1, ∀v ∈ Σ}
and
B̂×(Σ) = {x ∈ B̂× : xv = 1, ∀v 6∈ Σ}.
A similar notation is used for any open compact subset U of B̂×.
Let U be an open compact subgroup of B̂× and Uv be its component at v. Let H(B×,U) be the
Hecke algebra over Z on B̂× which is the space of Z-valued bi-U invariant functions on B̂× with
compact support. Then H(B×,U) is equipped with the natural involution product: (f ∗ g)(z) =∫
B̂×
f(x)g(x−1z)dx where dx is the normalized Haar measure such that vol(U, dx) = 1.
For x ∈ B̂×, we denote by [UxU] the characteristic function of the double coset UxU. For each
finite place v of F , we set
πv =
(
̟v 0
0 1
)
, zv =
(
̟v 0
0 ̟v
)
as elements in GL2(Fv). We fix an identification i : B̂(∆B),× ≃M2(F̂ (∆B))×.
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Let
m+ ⊂ OF
be an integral ideal which is prime to ∆B and let Rm+ be an Eichler order(intersection of two
maximal orders) of level m+. Note locally at v | m+ with vt || m+, (Rm+)v = {
(
a b
c d
)
∈
M2(OF,v) : c ≡ 0 (mod ̟tv)}. Suppose (p,∆B) = 1. For a non-negative integer n and our fixed p,
we define a compact open subgroup Um+,pn by:
(3.1) Um+,pn = {x ∈ R̂×m+ : xp ≡
(
a b
0 a
)
(mod pn), a, b ∈ OF,p}.
We set U = Um+,pn and put Σ = pm+∆B . Notice by definition i induces an identification i :
(B̂(Σ),×,U(Σ)
m+,pn) ≃ (GL2(F̂ (Σ)),GL2(Ô
(Σ)
F )).
3.1.1. Spherical Hecke algebra. We denote by T(Σ)B (m
+) the subalgebra of H(B×,U) generated by
[UxU] for x ∈ B̂(Σ),×. Then we have
T(Σ)B (m
+) = Z[{Tv, Sv, S−1v : v 6∈ Σ}],
where
(3.2) Tv = [Ui−1(πv)U], Sv = [Ui−1(zv)U].
3.1.2. Complete Hecke algebra. For v | ∆B, we choose an element π′v ∈ B×v whose norm is a
uniformizer of Fv and put
Uv = [Uπ
′
vU].
For v | m+, we define
Uv = [Ui
−1(πv)U].
Finally for the prime p, we define
Up = [Ui
−1(πp)U],
〈a〉 = [Ui−1((.a))U]
where (.a) =
(
a 0
0 1
)
for a ∈ O×F,p.
If n = 0, we have U = R̂×
m+
, then we let
TB(m
+) = T(Σ)B (m
+)[{Uv : v | ∆Bm+}].
If n > 0, we have U = Um+,pn , then we let
TB(m
+, pn) = T(Σ)B (m
+)[{Uv : v | pn∆Bm+}, {〈a〉 : a ∈ O×F,p}].
We refer to these as the complete Hecke algebras. And for l a prime in OF , we let T(l)B (m+, pn) be
the subalgebra of the complete Hecke algebra generated by the Hecke operators away from l.
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3.2. Optimal embeddings. Let K be a totally imaginary quadratic extension over F and let
c : z → z¯ be the nontrivial automorphism of K over F . We fix a CM type Σ of K i.e. a subset of
Hom(K,C) such that Σ ∪ Σ = Hom(K,C) and Σ ∩Σ = ∅. We choose θ ∈ K that satisfies
(1) Im(σ(θ)) > 0, ∀σ ∈ Σ;
(2) {1, θv} is a basis of OK,v over OF,v for all v | DK/F pn;
(3) θ is local uniformizer at primes v ramified in K.
Then θ is a generator of K over F . We let δ = θ − θ¯.
Let B be a definite quaternion algebra over F of discriminant ∆B . Assume that n− | ∆B and
∆B/n
− is a product of inert primes in K, then we can regard K as a subalgebra of B. Let TB and
NB be the reduced trace and reduced norm of B. We choose a basis of B = K ⊕K.J over K such
that
(1) J2 = β ∈ F× with σ(β) < 0 for all σ ∈ Σ and Jt = t¯J for all t ∈ K;
(2) β ∈ (O×F,v)2 for all v | pn+ and β ∈ O×F,v for all v | DK/F .
We further require the fixed isomorphism i satisfies
∏
v∤∆B
iv : B̂
(∆B) ≃M2(Q̂(∆B)) such that for
each v | pn+, iv : Bv ≃M2(Fv) is given by
iv(θ) =
(
T (θ) −N(θ)
1 0
)
where T (θ) = θ + θ¯, N(θ) = θθ¯;
iv(J) =
√
β
(−1 T (θ)
0 1
)
and for each place v ∤ pn+∆B, iv(OK,v) ⊂M2(OF,v).
3.3. P -adic Hilbert modular forms on quaternion algebra. Let Φ be a finite extension of
Qp that contains the image of all embeddings F →֒ Q¯p. Let A be an OΦ algebra. Let k ≥ 2 be
an even integer and for each σ ∈ Σ we let Lk,σ(A) = A[Xσ, Yσ]k−2 be the space of homogeneous
polynomials of degree k − 2 with two variables over A. Denote ρk,σ : GL2(A) → Lk,σ(A) the
representation defined by
ρk,σ(g)P (Xσ, Yσ) = det(g)
2−k
2 P ((Xσ, Yσ)g).
Our fixed embedding F →֒ Q¯p gives a decomposition Σ = ∪v|pΣv where Σv is the set of those
embeddings inducing v. We define
Lk(A) = ⊗v|p ⊗σ∈Σv Lk,σ(A).
We can regard Lk(A) as an GL2(OF,p) module by the action ρk(up) = ⊗v|p ⊗σ∈Σv ρk,σ(σ(uv)).
Let U be an open compact set in B̂×. The space SBk (U, A) of p-adic Hilbert modular forms of level
U and weight k is defined by
SBk (U, A) = {f : B×\B̂× → Lk(A) | f(bu) = ρk(up)−1f(b), u ∈ U}.
It is equipped with an action of the Hecke algebra TB(n+, pn) given by
(3.3)
[UxU]f(b) =
∑
u∈U/U∩xUx−1
f(bux) for x ∈ B̂(p),×,
〈a〉f(b) = ρk(b(.a))f(b(.a)),
Upf(b) =
∑
u∈Up/Up∩πpUpπ−1p
ρk(u)ρˆk(πp)f(buπp)
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where
ρˆk(πp)(⊗v|p ⊗σ∈Σv Pσ(Xσ, Yσ)) = ⊗σ∈ΣpPσ(σ(̟p)Xσ, Yσ)⊗ (⊗σ 6∈ΣpPσ(Xσ, Yσ)).
We let XB(U) = B×\B̂×/U be the Shimura set of level U. The space of weight 2 Hilbert modular
forms SB2 (U, A) = {f : XB(U) → A} can be naturally identified with A[XB(U)] compatible with
the Hecke action if we define Hecke action on the divisor group of the Shimura set via Picard
functoriality.
Let τn ∈ B̂×(pn+) be given by
(3.4) τn,v =
(
0 1
̟
ordv(p
nn+)
v 0
)
for v | pnn+. Then τn normalizes U and it induces an involution on XB(U). We refer to this involu-
tion as the Atkin-Lehner involution. We define a perfect pairing 〈, 〉U : SB2 (U, A)× SB2 (U, A)→ A
by
(3.5) 〈f, g〉U =
∑
[b]U∈XB(U)
f(b)g(bτn)#(B
× ∩ bUb−1/F×)−1.
Notice that the action of the Hecke algebra TB(n+, pn) is self-adjoint with respect to this paring.
Set Y = F̂× . Then we have an action of Y on the space SBk (U, A) and we define S
B
k (UY,A) to
be the subspace fixed by the action of Y i.e.
SBk (UY,A) = S
B
k (U, A)
Y .
We also define T(Σ)B (m
+Y ) to be the quotient of T(Σ)B (m
+) by the ideal generated by [UxU]− 1 for
x ∈ Y . We can define TB(m+Y, pn) in a similar manner.
4. Shimura curves
In this section we collect some results on Shimura curve over totally real field following the expo-
sition of [Nek12]. Let l ∤ n+∆B be a prime in F inert in K. Let B′ be an indefinite quaternion
algebra with discriminant ∆Bl and split at some σ1 ∈ Σ. We fix an isomorphism
ϕB,B′ : B̂
(l) −→ B̂′(l).
We also let t′ : K → B′ be an embedding such that it induces the composite map
(4.1) K̂(l) t−−→ B̂(l) ϕB,B′−−−−−−→ B̂′(l).
4.1. Shimura curves and complex uniformization. Let OB′
l
be a maximal order in B′l . Set
U
′ = ϕB,B′(U(l))O×B′
l
. Given (B′,U′), there is a Shimura curveMU′ defined over F which is smooth
and projective. The complex points of this curve are given by:
MU′(C) = B
′×\ H± × B̂′×/U′
where H± = P1(C)− P1(R).
We write [z, b′]U′ for a point in MU′ corresponding to z ∈ H± and b′ ∈ B′.
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4.1.1. Quotient Shimura curves. Recall Y = F̂×, there is an action of Y on the Shimura curve
MU′ and we denote by MU′Y the quotient of the Shimura curve MU′ by the action of Y . The
complex analytic uniformization of this quotient curve is just
MU′Y (C) = B
′×\H± × B̂′×/U′Y.
Remark. This is the curve denoted by N∗H in [AN10] and MK′ in [Zha01].
4.2. l-adic uniformization of Shimura curves. Let OurF,l be the ring of integers of the maximal
unramified extension Furl of Fl. There is an integral model MU′ over OF,l for MU′ ⊗ Fl [Čer76].
Let Hl be the Drinfeld’s l-adic upper-half plane. Its Cl-points are given by P1(Cl)− P1(Fl). The
formal completion of MU′ along its special fiber is then identified with
B×\Ĥl⊗̂OFl ÔurF,l × B̂(l)×/U(l)
where Ĥl is a formal model of Hl. Note that the action of B× on Ĥl factors through B× ⊂ B×l ≃
GL2(Fl), and via the isomorphism ϕB,B′ we can write the above formal completion as
M̂U′ = B×\Ĥl⊗̂OFl ÔurF,l × B̂(l)×/U(l).
Thus the associated rigid analytic space has the following uniformization:
Mrig
U′
(Cl) = B
×\Ĥl(Cl)× B̂(l)×/U(l).
4.2.1. l-adic uniformization of quotient Shimura curves. We write an element g ∈ Y as g = glg(l),
the action of g on M̂U′ is via its action on Ĥl⊗̂OFl ÔurFl given by 1 × Frob
ordl(NB(gl))
l . We also
denote by MU′Y the quotient of MU′ by the action of Y .
From the above discussion, we get immediately
M̂U′Y = B×\Ĥl⊗̂OFl ÔurF,l × B̂(l)×/U(l)Y = B×\Ĥl⊗OFlOF,l2 × B̂(l)×/U(l)Y (l)
where OF,l2 is the ring of integers of the unramified quadratic extension of Fl.
4.3. Bad reduction of quotient Shimura curves. We recall the structure of the Bruhat-Tits
Tree Tl for B×l ≃ GL2(Fl). Its set of vertices is identified with V(Tl) ≃ B×l /UlF×l while its set of
oriented edges is identified with ~E(Tl) ≃ B×l /U(l)lF×l .
The curve MU′Y ⊗OF,l OF,l2 is an admissible curve over OF,l2 in the sense of [JL85, Chapter
3]. The special fiber of this curve is organized by the dual reduction graph G which admits the
following description: the set of vertices which corresponds to the set of irreducible components of
the special fiber is identified with
(4.2)
V(G) = B×\V(Tl)× Z/2Z× B̂(l)×/U(l)Y (l)
= B×\B̂×/UY × Z/2Z
= XB(UY )× Z/2Z
via the map given by
B×(blUlYl, j, b(l)U (l)Y (l))→ (B×blb(l)UY, j, ordl(NB(bl))).
On the other hand the set of oriented edges which corresponds to the set of singular points on the
special fiber is identified with
(4.3)
~E(G) = B×\~E(Tl)× Z/2Z× B̂(l)×/U(l)Y (l)
= B×\B̂×/U(l)Y × Z/2Z
= XB(U(l)Y )× Z/2Z
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where we set
U(l) = Uln+,pn
by adding a level at l to our previous U. The last equality in the above equation is given by a
similar formula as in (4.2).
4.4. Bad reduction of the Jacobians. Let J(MU′Y ) be the Jacobian of the quotient Shimura
curve which represents the functor Pic0M
U′Y /F
≃ ResF ′/F Pic0M
U′Y /F
′ where F ′ is the field of moduli
of MU′Y .
Let L/F be a field extension and let Div0MU′Y (L) be the group of divisors on MU′Y (L) that have
degree zero on each geometric components. For D ∈ Div0MU′Y (L) we denote by cl(D) the point
in J(MU′Y )(L) representing D.
There is a natural action of TB′(n+Y, pn) on the Jacobian under the Picard functoriality. On the
other hand we have an isomorphism T(l)B (ln
+Y, pn) ≃ T(l)B′(n+Y, pn) given by ϕB,B′ and thus we
get an action of T(l)B (ln
+Y, pn) on the Jacobian. We can extend this action to the complete Hecke
algebra by defining a ring homomorphism
(4.4) ϕ∗ : TB(ln+Y, pn)→ TB′(n+Y, pn)
which sends Ul to [U′π′lU
′] where π′l is chosen such that NB(π
′
l) = ̟l.
Let J /OF,l2 be the Néron model of J(MU′Y )/Fl2 , Js be the special fiber, J 0s be the connected
component of J 0s and ΦMU′Y be the group of connected components of Js/J 0s . The Hecke algebra
TB′(n+Y, pn) acts naturally on J and hence also acts on ΦM
U′Y
. Via the morphism ϕ∗, we can
equip ΦM
U′Y
with a structure of TB(ln+Y, pn)-module.
4.4.1. First description of ΦM
U′Y
. The group ΦM
U′Y
can be described in terms of the graph G.
Fix an orientation of G, by which we mean a section E(G) → ~E(G) of the natural projection. We
choose an orientation such that the source and target map s, t : E(G)→ ~E(G)→ V(G) is given by:
(4.5)
s : E(G) = B×\B̂×/U(l)Y → V(G) = B×\B̂×/UY × Z/2Z,
s(B×bU(l)Y ) = (B×bUY, 0);
(4.6)
t : E(G) = B×\B̂×/U(l)Y → V(G) = B×\B̂×/UY × Z/2Z,
t(B×bU(l)Y ) = (B×bπ−1l UY, 1).
The chain and cochain complex of G is defined by
(4.7)
Z[E(G)] d∗−−−→ Z[V(G)]
d∗ = −s∗ + t∗;
(4.8)
Z[V(G)] d
∗
−−−→ Z[E(G)]
d∗ = −s∗ + t∗.
Let Z[V(G)]0 = im(d∗), then by [BLR90, Section 9.6 Theorem 1], there is a natural identification
(4.9) ΦM
U′Y
≃ Z[V(G)]0/d∗d∗.
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Let rl : J(MU′Y )(Fl2 )→ ΦMU′Y be the reduction map. We can in fact describe this map using the
above identification. More precisely we have the following commutative diagram:
(4.10)
Div0MU′Y (Fl2 )
cl−−−−→ J(MU′Y )(Fl2 )yrV yrl
Z[V(G)]0/d∗d∗ ≃−−−−→ ΦM
U′Y
where rV is the specialization map : for eachD ∈ Div0MU′Y (Fl2), we extend D to a Cartier divisor
D˜ on MU′Y ⊗ OF,l2 , then rV(D) =
∑
C∈V(G)(C, D˜)C. Here (C, D˜) is the intersection pairing on
MU′Y ⊗OF,l2 .
4.4.2. Second description of ΦM
U′Y
. Now we give a modular description of ΦM
U′Y
. Recall we can
identify Z[E(G)] ≃ Z[XB(U(l)Y )] with SB2 (U(l)Y,Z) and identify Z[V(G)] ≃ Z[XB(UY )]⊕2 with
SB2 (UY,Z)
⊕2. We denote the two natural maps s, t as α, β under this identification, then d∗, d∗
are identified with
(4.11)
SB2 (U(l)Y,Z)
δ∗−−−→ SB2 (UY,Z)⊕2
δ∗ = (−α∗, β∗);
and
(4.12)
SB2 (UY,Z)
⊕2 δ∗−−−→ SB2 (U(l)Y,Z)
δ∗ = −α∗ + β∗.
We define a ring homorphism TB(ln+Y, pn)→ End(SB2 (UY,Z)⊕2) by
(4.13)
t→ t˜ : (x, y)→ (t(x), t(y)) for t ∈ T(l)B (ln+Y, pn);
Ul → U˜l : (x, y)→ (−N(l)y, x+ Tly).
One can check immediately that δ∗ is indeed a TB(ln+Y, pn)-module map. We put SB2 (UY,Z)
2
0 =
δ∗SB2 (U(l)Y,Z).
Proposition 4.1. We have the following TB(ln+Y, pn)-module isomorphism
ΦM
U′Y
≃ SB2 (UY,Z)⊕20 /(U˜2l − 1).
Proof. First we notice that a direct calculation shows that
δ∗δ∗ =
(
N(l) + 1 −Tl
−Tl N(l) + 1
)
.
Since τ =
(−1 −Tl
0 −1
)
is an automorphism of SB2 (UY,Z)
⊕2 and U˜2l −1 = δ∗δ∗τ , we get the desired
isomorphism from the first description of ΦM
U′Y
in (4.9). 
4.5. l-adic uniformization of Jacobian with purely toric reduction. In this section, we
review the theory of l-adic uniformization of the Jacobian of a Shimura curve at a prime of purely
toric reduction following [Nek12, section 1.7]. Let B′ be the indefinite quaternion algebra with
discriminant l∆ and let M [l]n = MU′Y be the (quotient) Shimura curve defined in section 4.1.1.
Let J [l]n be the Jacobian of M
[l]
n and let Φ[l] be the component group of the Néron model of J
[l]
n
over OF,l2 . Let K be a finite unramified extension of Fl2 . Since J [l]n has purely toric reduction over
OF
l2
, we have the following uniformization exact sequence of J [l]n :
(4.14) 0→ X [l] → X [l]∨ ⊗ F¯×l → J [l]n (F¯l)→ 0.
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Here we denote by X [l] the character group of the connected component of the special fiber of J [l]n .
Let m be an integer, the above exact sequence yields immediately the following exact sequence of
J
[l]
n :
(4.15) 0→ X [l]∨ ⊗ µm → J [l]n [m]→ X [l]/m→ 0
where µm is the group of m-th root of unity.
Combining Grothendieck’s description of the component group with the canonical map J [l]n → Φ[l],
we have the following commutative diagram :
(4.16)
0 −−−−→ X [l] −−−−→ X [l]∨ ⊗K× −−−−→ J [l]n (K×) −−−−→ 0∥∥ yordl y
0 −−−−→ X [l] −−−−→ X [l]∨ −−−−→ Φ[l] −−−−→ 0.
Let Kum : J [l]n (K)/m → H1(K, J [l]n [m]) be the Kummer map, we can fit the Kummer map in the
diagram below:
(4.17)
X [l] ⊗ Z/mZ −−−−→ X [l]∨ ⊗K× ⊗ Z/mZ −−−−→ J [l]n (K) ⊗ Z/mZ −−−−→ 0∥∥ ∥∥ yKum
X [l] ⊗ Z/mZ −−−−→ H1(K, X [l]∨ ⊗ µm) −−−−→ H1(K, J [l]n [m]).
From this diagram it is clear that the image of the Kummer map lies in the image of the map
H1(K, X [l]∨ ⊗ µm)→ H1(K, J [l]n [m]).
4.6. CM points. Recall we have an embedding t′ : K → B′ (4.1) which induces in turn an
embedding t′(K×) ⊂ t′(K×σ1) ⊂ B′×σ1 ≃ GL2(R). There are two points on H± = P1(C) − P1(R)
fixed by this action and we choose one of them and call it z′. Then the set of l-unramified CM
points is defined as
(4.18) CM l−ur(MU′Y ,K) = {[z′, b′] : b′ ∈ B̂′×, b′l = 1}.
Let recK : K̂× → GabK be the geometrically normalized reciprocity map. Then Shimura’s reciprocity
law yields
(4.19) recK(a)[z′, b′] = [z′, t′(a)b′].
Since Y contains F×l , we have
(4.20) ιl : CM l−ur(MU′Y ,K) →֒MU′Y (Kl).
Let D ∈ Div0MU′Y (Kl) be a divisor supported on CM l−ur(MU′Y ,K). The specialization map
can be conveniently calculated by
(4.21) rV(
∑
i
ni[z
′, b′i]U′Y ) =
∑
i
ni[ϕ
−1
B,B′(b
′
i)]UY .
5. Level raising and Euler system of Heegner points
We recall the set up in the beginning of the introduction. Let f ∈ Sk(n, 1) be a Hilbert modular
form of level n and weight k. We assume that f is a normalized newform. Then f gives rise to
a morphism ηf : Tn → C where Tn is the Hecke algebra acting on Sk(n, 1). Let {av(f)} be the
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system of Hecke eigenvalues attached to f . Then we denote by Ef the p-adic Hecke field with ring
of integers Of and uniformizer ̟. We set
(5.1)
αv(f) = the unit root of X2 − av(f)X +N(v)k−1 for v | p,
αv(f) = av(f)N(v)
2−k
2 for v ∤ p.
We define a ring homorphism λf : TB(n+, pn)⊗Of = TB(n+, pn)Of → Of by
(5.2)
λf (Tv) = αv(f),
λf (Sv) = 1 for v ∤ pn,
λf (Uv) = αv(f) for v | pn,
λf (〈a〉) = a
2−k
2 for a ∈ O×F,p.
5.1. Level raising. let n be a positive integer and recall that Of,n = Of/̟n and let l be an
n-admissible prime.
Definition 5.1. An admissible form D = (∆, g) is a pair consisting of a square free product of
primes in F inert in K and an eigenform g ∈ SB2 (UY,Of,n) on the definite quaternion algebra
B = B∆ with discriminant ∆ over F , of level U = Un+,pncf. (3.1) and which is fixed by the action
of Y . Then D is admissible if the following conditions hold:
(1) n− | ∆ and ∆/n− is a product of n-admissible primes.
(2) g (mod ̟) 6= 0.
(3) The eigenform g ≡ f (mod ̟n). This means that λf ≡ λg (mod ̟n) where λg : TB(n+Y, pn)Of →
Of,n is the character on the Hecke algebra TB(n+Y, pn) associated to g mod ̟n.
Let D = (∆, g) be such an admissible form and let l ∤ ∆ be an n-admissible prime for f with
ǫlαl(f) ≡ N(l) + 1 (mod ̟n). Define λ[l]g : TB(ln+Y, pn)Of → Of,n by λ[l]g (Ul) = ǫl. We define
Ig to be the kernel of λg and I [l]g to be the kernel of λ[l]g . For g as above, it induces a surjective
map ψg : SB2 (UY,O)/Ig → Of,n by ψg(h) = 〈g, h〉U. The following proposition follows from the
multiplicity one result Theorem 9.9. However the multiplicity one result is proved for Hilbert
modular forms with prime to p level, in order to handle the problem in hand, we use Hida’s theory
based on the idea of [CH15b, Proposition 4.2].
Proposition 5.2. Assume (CR+) and (n+-DT) , we have an isomorphism
ψg : S
B
2 (UY,O)/Ig → Of,n.
Proof. Let Pk be the ideal contained in Ig generated by the set
{〈a〉 − a k−22 : a ∈ O×F,p}.
Let e = limn→∞ Un!p be Hida’s ordinary projector. Then by the same computation as in the proof
of [Hid88, Theorem 8.1] , we have an isomorphism
eSB2 (UY,Of,n)[Pk] = eSBk (R̂×pn+Y,Of,n).
Taking the Pontryagin dual yields another isomorphism
eSB2 (UY,Of )/(Pk, ̟n) = eSBk (R̂×pn+Y,Of )/(̟n).
Thus there is an action of eTB(n+Y, pn) on eSBk (R̂
×
pn+
Y,Of )/(̟n). Let e◦ be the ordinary projector
limn→∞ T n!p , then the p-stablization map induces an isomorphism
e◦SBk (R̂
×
n+
Y,Of )m ≃ eSBk (R̂×pn+Y,Of )m
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by the assumption PO. We define a surjective map eTB(n+Y, pn)Of → e0TB(n+)Of by sending
Up to up, a unit root of x2 − Tpx − N(p)k−1 in e0TB(n+)Of . Hence there is also an action of
eTB(n+Y, pn)Of on e
◦SBk (R̂
×
n+
Y,Of ). Since Up − αp(f) ∈ m for the maximal ideal m containing
Ig, we have the following sequence of isomorphisms
SB2 (UY,Of )m/(Pk, ̟n) ≃ SBk (R̂×pn+Y,Of )m/(̟n) ≃ SBk (R̂×n+Y,Of)m/(̟n).
We will show later that SBk (R̂
×
n+
Y,Of)m is a cyclic T(n+Y )m-module assuming (CR+) and (n+-DT)
cf. Theorem 9.9. It follows then SB2 (UY,Of )/Ig is generated by some h as a TB(n+Y, pn) module.
Since ψg is surjective, ψg(h) ∈ O×f,n. As the action of TB(n+Y, pn) is self-adjoint with respect to
the pairing 〈, 〉U, it follows that the kernel of the map ψg is precisely IgSB2 (UY,Of ). 
Let B′ be the indefinite quaternion algebra with discriminant l∆ and let M [l]n = MU′Y be the
(quotient) Shimura curve defined as in section 4.1.1. Let J [l]n be the Jacobian of M
[l]
n and let Φ[l]
be the component group of the Néron model of J [l]n over OF,l2 .
Theorem 5.3. We have an isomorphism
Φ
[l]
Of /I [l]g ≃ SB2 (UY,Of )/Ig
ψg−→Of,n.
Proof. Let m[l] be the maximal ideal of TB(ln+, pn) = T[l] containing I [l]g and write S2 =
SB2 (UY,Of )⊕2m[l] . Then by Proposition 4.1, we have
(Φ
[l]
Of )m[l] ≃ S2/(U˜2l − 1) ≃ S2/(U˜ − ǫl).
Note it follows from [Nek12, Proposition 1.5.9(1)] that the quotient SB2 (UY,Of )/SB2 (UY,Of )0 is
Eisenstein, while m[l] is not Eisenstein. Thus
Φ
[l]
Of /I [l]g ≃ S2/(U˜ − ǫl)/I [l]g ≃ (SB2 (UY,Of )⊕2/(U˜l − ǫl))⊗ T
[l]
m[l]
/I [l]g .
But it is easy to show that
(5.3)
(SB2 (UY,Of )⊕2/(U˜l − ǫl))⊗ T[l]m[l]/I [l]g
≃ (SB2 (UY,Of )/(ǫlTl −N(l)− 1))⊗ Tm/Ig
≃ SB2 (UY,Of )/Ig.
This completes the proof in view of Proposition 5.2. 
Let Tp(J
[l]
n ) = lim←−m J
[l]
n [pm](F¯ ) be the p-adic Tate module of J
[l]
n
Theorem 5.4. We have an isomorphism of GF -modules
Tp(J
[l]
n )Of /I [l]g ≃ Tf,n.
Proof. We put T [l] = Tp(J
[l]
n )Of . The proof divides into two parts. First, We prove that T
[l]/m[l] ≃
Tf,1. Recall that the component group is computed by the following exact sequence [Nek12, 1.6.5.1]
0−→X [l]−→X [l]∨−→Φ[l]−→0
where X [l] is the character group of the maximal torus of the special fiber of the Jacobian J [l]n .
On the other hand by the theory of l-adic uniformization of a Jacbian with totally split toric
reduction[Nek12, 1.7.1.1], we have
0−→X [l]∨ ⊗ µp−→J [l]n [p]−→X [l]/p−→0.
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Taking the above exact sequence modulo m[l], we obtain
0−→(X [l]Of
∨
/m[l]/Y)⊗ µp−→J [l]n [p]Of /m[l]−→X [l]Of /m[l]−→0
for some submodule Y. It induces a long exact sequence
X [l]/m[l]−→H1(Fl2 , (X [l]Of
∨
/m[l]/Y)⊗ µp)−→H1(Fl2 , J [l]n [p]Of /m[l])−→H1(Fl2 ,X [l]Of /m[l]).
We analyze some terms in this exact sequence as follows
(1) H1(Fl2 , (X [l]Of
∨
/m[l]/Y) ⊗ µp) = (X [l]Of
∨
/m[l]/Y) ⊗ F×
l2
/(F×
l2
)p = X [l]Of
∨
/m[l]/Y by Kummer
theory and the assumption that l is n-admissible;
(2) H1(Fl2 ,X [l]Of /m[l]) = H1fin(Fl2 ,X
[l]
Of /m
[l]) by the inflation-restriction exact sequence and
local class field theory.
Combining these two facts we obtain an exact sequence
(5.4) 0−→Φ[l]Of /m[l]−→H1(Fl2 , Tp(J [l]n )Of /m[l])−→H1fin(Fl2 ,X
[l]
Of /m
[l])
where Φ[l]Of /m
[l] is a quotient of Φ[l]Of /m
[l].
Now by the main result in [BLR91], we see that
H1(Fl2 , Tp(J
[l]
n )Of /m
[l]) = H1(Fl2 , Tf,1)
s
for some s ≥ 1. Each H1(Fl2 , Tf,1) splits into unramified classes and ordinary classes by Lemma 2.7
and both are of rank one. Since Φ[l]Of /m
[l] is at most one dimensional by Theorem 5.3, it follows
that s = 1 and Φ[l]Of /m
[l] = Φ
[l]
Of /m
[l]. We get the result of the first part.
In the second part we prove that T [l]/I [l]g ≃ Tf,n. By the first part and Nakayama’s lemma, we
can find generators e1, e2 ∈ T [l]/I [l]g such that their reductions generate T [l]/m[l] ≃ Tf,1. We will
prove that the exponent of T [l]/I [l]g is ̟n in the next lemma. By the irreducibility of the Tf,1, we
prove that e1, e2 have the same exponent and is ̟n. The result follows. 
Lemma 5.5. The exponent of Tp(J
[l]
n )Of /I [l]g is ̟n.
Proof. First notice that Tp(J
[l]
n )Of /I [l]g is naturally a TB(ln+Y, pn)Of /I [l]g -module, hence its ex-
ponent is at most ̟n. Then by the proof of [BD05, Lemma 5.16], we can find n′ large enough
such that J [l]n [pn
′
]Of /I [l]g ≃ Tp(J [l]n )Of /I [l]g surjects onto Φ[l]Of /I
[l]
g . By Theorem 5.3, Φ
[l]
Of /I
[l]
g has
exponent ̟n. It follows that the exponent of Tp(J
[l]
n )Of /I [l]g is exactly ̟n. 
5.2. Reduction and residue map. Now let r˜l : J
[l]
n (Km)−→Φ[l]Of ⊗ Of,n[Γm] be the reduction
map given by
(5.5) r˜l(D) =
∑
σ∈Γm
rl(ιl(D
σ))[σ]
where ιl is defined as in (4.20).
Proposition 5.6. We have an isomorphism
ψg : Φ
[l]
Of /I [l]g ≃ H1sing(Kl, Tf,n).
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Proof. By the proof of Theorem 5.4, and in particular replacing m[l] by I [l]g in the exact sequence
(5.4), we obtain an exact sequence
(5.6) 0−→Φ[l]Of /I [l]g −→H1(Kl, Tf,n)−→H1fin(Kl,X
[l]
Of /I [l]g ).
Since Φ[l]Of /I
[l]
g is of rank one andH1(Kl, Tf,n) = H1fin(Kl, Tf,n)⊕H1sing(Kl, Tf,n) as l is n-admissible,
it follows that Φ[l]Of /I
[l]
g ≃ H1sing(Kl, Tf,n). 
Let ∂l : H1(Km, Tf,n)−→H1sing(Km,l, Tf,n) be the residue map defined in (2.1). The following
theorem gives a relation between the reduction map and the residue map.
Theorem 5.7. The following diagram commutes
(5.7)
J
[l]
n (Km)Of /I [l]g Kum−−−−→ H1(Km, Tf,n)yr˜l y∂l
Φ
[l]
Of /I
[l]
g ⊗Of,n[Γm] ψg−−−−→≃ H
1
sing(Km,l, Tf,n).
Proof. This is a formal consequence of the previous proposition. It is important to note that the
proof for the exact sequence (5.4) shows that the natural Kummer map in fact factors through the
specialization map r˜l. 
Remark. We can take a limit in the above theorem to get the following diagram
(5.8)
J
[l]
n (K∞)Of /I [l]g Kum−−−−→ H1(K∞, Tf,n)yr˜l y∂l
Φ
[l]
Of /I
[l]
g ⊗Of,n[[Γ∞]] ψg−−−−→≃ H
1
sing(K∞,l, Tf,n).
5.3. Gross points. Let n+OK = N+N+, we define an element ζv ∈ GL2(Fv) for each v | n+ by
(5.9) ζv = δ−1
(
θ θ¯
1 1
)
∈ GL2(Kw) = GL2(Fv) if v = ww¯ in K.
Let m be a positive integer, we define ζ(m)p ∈ GL2(Fp) by
(5.10)
ζ
(m)
p =
(
θ −1
1 0
)(
̟mp 0
0 1
)
∈ GL2(KP) = GL2(Fp) if p = PP¯,
ζ
(m)
p =
(
0 1
−1 0
)(
̟mp 0
0 1
)
if p is inert.
We set ζ(m) = ζ(m)p
∏
v|n+ ζv ∈ B̂×(pn+) →֒ B̂×. Let Rm = OF + ̟mp OK be the order of K of
level ̟mp . It is almost immediately verified that (ζ
(m))−1R̂×mζ(m) ⊂ Un+,pn if m ≥ n. Recall
U = Un+,pn , we define a map
(5.11)
xm : Pic(RmY ) = K×\K̂×/R̂×mY−→XB(UY ),
K×aR̂×mY−→xm(a) = [aζ(m)]UY .
The set of points of the form xm(a) for a ∈ Pic(RmY ) are referred as Gross points of conductor
pm on the definite Shimura set XB(UY ).
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5.4. Construction of the Euler system κD(l). Given an admissible form D = (∆, g) and an
admissible prime l ∤ ∆, in this section we will define a cohomology class κD(l) = {κD(l)m}m ∈
Ŝel∆l(K∞, Tf,n). See [Lon12, section 7.4.2] for similar construction of the Euler system.
5.4.1. Heegner points on Shimura curves and its Jacobian. Let U′ = ϕB,B′(U(l))O×B′
l
and letM [l]n =
MU′Y be the quotient Shimura curve. For each a ∈ K̂× and m ≥ n, we define a Heegner point
Pm(a) by
Pm(a) = [z
′, ϕB,B′(a(l)ζ(m)τn)]U′Y ∈M [l]n (C)
where τn is the Atkin-Lehner involution (3.4). This point is defined on a subfield of the ring class
field Hm and the Galois action of Gm = Gal(Hm/K) is given by Shimura’s reciprocity law (4.19).
We choose an auciliary prime q ∤ pln+∆ such that 1 +N(q)− αq(f) ∈ O×f . We define a map
(5.12)
ξq : DivM
[l]
n (Hm)−→J [l]n (Hm)Of ;
ξq(P ) =
1
(1 +N(q)− αq(f))cl((1 +N(q)− Tq)P ).
Put Pm = Pm(1). We define the Heegner divisor over the anticyclotomic tower by
Dm =
∑
σ∈Gal(Hm/Km)
ξq(P
σ
m) ∈ J [l]n (Km)Of .
5.4.2. Definition of κD(l). Let Kum : J
[l]
n (Km)Of−→H1(Km, Tp(J [l]n )Of ) be the Kummer map.
We define the cohomology class κD(l)m as:
(5.13) κD(l)m :=
1
αmp (f)
Kum(Dm) (mod I [l]g ) ∈ H1(Km, Tp(J [l]n )Of /I [l]g ).
Note we have H1(Km, Tp(J
[l]
n )Of /I [l]g )≃H1(Km, Tf,n) by Theorem 5.4. Thus we treat κD(l)m as
an element in H1(Km, Tf,n).
Lemma 5.8 (Norm compatibility).
CorKm+1/Km(Dm+1) = UpDm.
Proof. We need to calculate CorKm+1/Km(Pm+1):
(5.14)
CorKm+1/KmPm+1 =
∑
σ∈Gal(Km+1/Km)
σPm+1
=
∑
y∈R̂×m/R̂×m+1
rec y(Pm+1)
=
∑
y∈R̂×m/R̂×m+1
[z′, t′(y)ϕB,B′(ζ(m+1)τn)]U′Y .
Note that Gal(Km+1/Km) = {[1+̟mp uθ]m+1 : u ∈ OF,p/p} and for each u, t′([1+̟mp uθ]m+1) =(
1 +̟mp uT (θ) −̟mp uN(θ)
̟mp u 1
)
.
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In the case when p is split in K, we have ζ(m+1) =
(
θ −1
1 0
)(
̟m+1p 0
0 1
)
we compute
(5.15)
(ζ(m+1))−1
(
1 +̟mp uT (θ) −̟mp uN(θ)
̟mp u 1
)
ζ(m+1)
=
(
1 +̟mp uθ − u̟p
0 1 +̟mp uθ¯
)
=
(
1 − u̟p(1+̟mp uθ)
0 1
)(
1 +̟mp uθ 0
0 1 +̟mp uθ¯
)
.
Since
(
1 +̟mp uθ 0
0 1 +̟mp uθ¯
)
∈ UY , we can ignore it.
Note ζ(m+1) = ζ(m)
(
̟p 0
0 1
)
, and we get
(5.16)
ζ(m+1)(ζ(m+1))−1
(
1 +̟mp uT (θ) −̟mp uN(θ)
̟mp u 1
)
ζ(m+1)
= ζ(m)
(
̟p 0
0 1
)(
1 − u̟p(1+̟mp uθ)
0 1
)
= ζ(m)
(
̟p − u(1+̟mp uθ)
0 1
)
.
In the case when p is inert in K, we have ζ(m+1) =
(
0 1
−1 0
)(
̟m+1p 0
0 1
)
, and we do exactly the
same computation
(5.17)
(ζ(m+1))−1
(
1 +̟mp uT (θ) −̟mp uN(θ)
̟mp u 1
)
ζ(m+1)
=
(
1 u−̟p
̟2m+1p uN(θ) 1 +̟
m
p uT (θ)
)
=
(
1 − u̟p
0 1
)(
1 +̟2mp u
2N(θ) ̟m−1p u2T (θ)
̟2m+1p uN(θ) 1 +̟
m
p uT (θ)
)
.
Again the last matrix is in UY and hence can be ignored. The rest of the computation is the same
as in the previous case. 
Remark. We remark that the Hecke action on J [l]n and Z[XB(UY )] is with respect to the Picard
functoriality. The additional τn is a modification due to the fact that the action of the Hecke
correspondence induces dual actions on the Jacobian under Picard functoriality and on the space
of modular forms.
By the above lemma, we can define the cohomology class κD(l) = {κD(l)m}m ∈ Ĥ1(K∞, Tf,n).
These elements are in fact in the Selmer group defined in Definition 2.3 as shown by the following
propositon.
Proposition 5.9. The cohomology class κD(l) is in the Selmer group Ŝel∆l(K∞, Tf,n).
Proof. For each m ≥ n, we need to show that
(1) ∂v(κD(l)) = 0 for v ∤ ∆lp;
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(2) resv(κD(l)) ∈ H1ord(K∞, Tf,n) for v | ∆lp.
For the first point, if v ∤ n+, the result follows from the fact that J [l]n has good reduction at such
v. On the other hand if v | n+, then Ĥ1(K∞,v, Tf,n) = Ĥ1fin(K∞,v, Tf,n) by Lemma 2.6 and this
shows the claim.
For the second point if v | l∆, then the result follows from our previous discussion cf. Section 4.5.
Note the Kummer image belongs to the ordinary part of the cohomology group as the Jacobian
has purely toric reduction at these primes. See (4.17) and the discussion after the diagram.
Finally it remains to prove the case for v | p. Let T = Tp(J [l]n )Of , I = I [l]g and T[l] = TB(ln+Y, pn),
then Tm[l] is a direct summand of T and Tm[l]/I ≃ Tf,n. Notice that Vm[l] = Tm[l] ⊗ Ef is a direct
sum of representations ρh⊗ ǫ for h a p-ordinary Hilbert new form of weight 2 and central character
ǫ−2 such that ρh ⊗ ǫ ≃ ρ∗f mod ̟. As before we have an exact sequence
0−→F+v Vm[l]−→Vm[l]−→F−v Vm[l]−→0.
The inertia group at v acts on F+v Vm[l] by ǫTǫ and on F
−
v Vm[l] via ǫ
−1
T . Here ǫT : GFv → T[l] is
given by ǫT(σ) = 〈ǫ(σ)〉. We set F+v Tm[l] = Tm[l] ∩ F+v Vm[l] , then F+v Vm[l]/I ≃ F+v Tf,n as Galois
modules. We have the following commutative diagram cf. [Nek06, Proposition 12.5.8]
(5.18)
H1(Km,v, Tm[l])
α−−−−→ H1(Km,v, F−v Tm[l])yβ yβ′
H1(Km,v, Vm[l])
α′−−−−→ H1(Km,v, F−v Vm[l]).
Now let Kum(Dm)m[l] be the image of Kum(Dm) in H1(Km,p, Tm[l]), it suffices to show that
α(Kum(Dm)m[l]) = 0. This follows from the fact that α
′◦β(Kum(Dm)m[l]) = 0 by [BK90, Example
3.11] and that β′ is injective by Lemma 2.9. 
.
6. Explicit reciprocity laws
In this chapter we explain the relationship between Heegner point and the theta element. While
the theta element interpolates L-values, Heegner points give rise to elements in the Selmer group.
The relationship allows us to bound the Selmer group in terms of L-values. The coexistence of
Heegner point and theta element is a reflection of the parity of the Selmer group and is a special
case of the so called bipartite Euler system [How06].
6.1. The first explicit reciprocity law. Let D = (∆, g) be an admissible form. Define
Θm(D) = 1
αmp
∑
[a]∈Gm
g(xm(a))[a]m ∈ Of,n[Gm]
where [a]m = recK(a) |Gm∈ Gm is the map induced by the reciprocity law normalized geometrically.
These elements are norm compatible in the following sense.
Lemma 6.1. If we denote the quotient map by πm+1,m : Gm+1−→Gm, then
πm+1,m(Θm+1(D)) = Θm(D).
Proof. This follows from the exact same computation in Lemma 5.8 and the fact that g is a
Up-eigenform. 
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Let πm : Gm → Γm = Gal(Km/K) be the natural map and let
θm(D) = πm(Θm(D)) ∈ Of,n[Γm],
θ∞(D) = (θm(D))m ∈ Of,n[[Γ]].
The following theorem is referred to as the first reciprocity law which was a terminology used first
in [BD05]. For proofs of the first reciprocity in other setups, see [BD05, Theorem 4.1], [Lon12,
Theorem 7.22].
Theorem 6.2 (First reciprocity law). Let m ≥ n ≥ 0 and l be an n-admissible prime for f . For
an n-admissible form D = (∆, g), we have
∂l(κD(l)m) = θm(D) ∈ Of,n[Γm]
and in paticular we have
∂l(κD(l)) = θ∞(D) ∈ Of,n[[Γ]].
Proof. By the commutativity of the diagram in Theorem 5.7 and the definition of r˜l, we obtain
(6.1) ∂l(κD(l)m) =
∑
σ∈Γm
ψg(rl(D
σ
m))[σ].
By the commutativity of the diagram (4.10) and equation (4.21), we have
(6.2) rl(Dσm) =
∑
[b]m∈Gal(Hm/Km)
xm(ub)τn
where u is given by [u]m = σ ∈ Gal(Km/K) and τn is the Atkin-Lehner involution given in (3.4).
Hence we conclude that
(6.3)
∂l(κD(l)m) =
∑
[u]m∈Gal(Km/K)
∑
[b]m∈Gal(Hm/Km)
〈g, xm(ub)τn〉UY [u]m
=
∑
a∈Gal(Hm/K)
g(xm(a))πm([a]m).

Remark. In the above proof, especially the last line, we identify the Gross point xm(a) as an
element in SB2 (UY,Z) in the following manner. We have a sequence of isomorpshims
Z[XB(UY )] ≃ HomZ(SB2 (UY,Z),Z) ≃ SB2 (UY,Z)
where the first isomorphism is given by sending x ∈ XB(UY ) to the evaluation function of f → f(x)
and the second isomorphism is given by 〈, 〉UY . These isomorphisms are all "Hecke compatible".
6.2. Ihara’s lemma for Shimura curves. Let U be an open compact subgroup of B̂′× and MU
be the Shimura curve of level U . For any ring A, let Fk(A) be the local system associated to Lk(A)
overMU and we set Lk(U , A) = H1et(MU ,Fk(A)). If v ∤ ∆Bpn+ is a prime in F , we denote by U(v)
the open compact subgroup of B̂′× obtained by adding a level at v to U . Let F = Of,1 Then the
following assumption is usually known as the "Ihara’s lemma":
Assumption 6.3. If U is maximal at v and places above p and 2 ≤ k < p + 1, then we have an
injective map
1 + η∗v : Lk(U ,F)2m → Lk(U(v),F)m.
Here ηv is the natural degeneracy map fromMU(v) to MU and m is a non-Eisenstein maximal ideal
in the spherical Hecke algebra of level U(v).
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Remark. A proof of the Ihara’s lemma is contained in [Che11] following the method of Diamond-
Taylor [DT94]. It was never published and we treat this as an assumption. Note that recently,
Manning and Shotton provide another proof of the Ihara’s lemma via patching in [MS19] and if
we assume that the residual representation has large image we can apply their results.
6.3. The second explicit reciprocity law. Recall we have a homomorphism
λ[l]g : TB(ln
+Y, pn)Of → Of,n
whose kernel is denoted by I [l]g . Let m be the maximal ideal containing I [l]g in TB(ln+Y, pn)Of .
Also denote R̂′
×
c the Eichler order of level c for some integral ideal c in F . Note we can not apply
the Ihara’s lemma directly as our open compact group U′ = Un+,pn is not maximal at p. To
remedy, we use the following proposition which again uses Hida theory.
Proposition 6.4. Assume PO and the "Ihara’s lemma", we have
1 + η∗v : L2(U′,F)2m[Pk]→ L2(U′(v),F)m[Pk]
is injective.
Proof. Using [Hid88, Theorem 8.1, Corollary 8.2], we have the following isomorphisms
L2(U′,F)m[Pk] ≃ Lk(R̂′
×
n+p,F)m,
L2(U′(v),F)m[Pk] ≃ Lk(R̂′
×
n+vp,F)m.
Now let U be either R̂′×n+ or R̂′
×
n+v and consider the injective map
Lk(U ,Cp)m → Lk(U(p),Cp)m.
By the Eichler-Shimura relation, the cokernel of this map is is two copies of the p-new part of the
ordinary Hilbert modular forms on B′ and hence is killed by U2p −N(p)k−2. Thus the cokernel of
the map
Lk(U ,Of )m → Lk(U(p),Of )m
is Of -torsion under the assumption PO. By following the same argument as in [DT94, Lemma 4],
Lk(U(p),Of )m is torsion free. Therefore Lk(U ,Of )m → Lk(U(p),Of )m is an isomorphism and so
is its reduction modulo ̟. Thus we have proved the following isomorphisms:
Lk(R̂′
×
n+p,F)m ≃ Lk(R̂′
×
n+ ,F)m,
Lk(R̂′
×
n+vp,F)m ≃ Lk(R̂′
×
n+v,F)m
under the PO assumption. Therefore the conclusion follows from "Ihara’s lemma". 
Let l1, l2 be two n-admissible primes such that l1l2 ∤ ∆B. We denote the underlying rational prime
in Q of l2 by l2. Let M[l1]n be the integral model of M [l1]n over OF,l2 studied by Carayol [Car83]
and also in Zhang [Zha01]. We review the definition of this model in preparation for the next
theorem. Let F ′ be an auxiliary CM field over F such that l2 is split in F ′. We set D = B′ ⊗ F ′
and denote υ(U′) = ND(U ′F̂ ′
×
) ∩ O×F . We fix an embedding ιl2 : F ′ →֒ Fl2 . For an OD,l2 module
Λ, there is an natural decomposition Λ = (⊕ri=1Λi1) ⊕ (⊕ri=1Λi2) compatible with respect to the
natural decomposition OD,l2 = (⊕ri=1OiD,1)⊕ (⊕ri=1OiD,2) where we make a choice such that OD,l2
corresponds to O1D,2. Note that as D splits at l2, we can set Λ1,12 =
(
1 0
0 0
)
Λ12. Let V̂ be the
profinite completion of an OD-module V and V̂ (l2) be the subset of V̂ with trivial l2 component.
We further denote by V (l2)2 = ⊕ri=2V il2,2. These notations in particular applies to the case when
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V = OD viewed as an OD-module via the natural left multiplication, V = H1(A,Z) or Lie(A)
for an abelian variety A with OD action. To define the integral model M[l1]n , one first constructs
an auxiliary integral model M˜[l1]n for another Shimura curve M˜ [l1]n which admits a finite map
f :M
[l1]
n → M˜ [l1]n . Then one takes M[l1]n to be the normalization of M˜[l]n .
Let x ∈ M˜[l1]n (S) for a scheme S over OF,l2 . Then x = (A/S, ι, θ¯, κ¯[l2]) where
• A/S is an abelian scheme of dimension 4d with an action ι : OD → EndA satisfying certain
conditions on Lie(A): Lie(A)12 is a locally free OS-module of rank 2 and Lie(A)l2l2 = 0
cf. [Zha01, Proposition 1,22];
• θ¯ : A→ A∨ is an υ(U′)-isomorphism class of polarizations of A with prime to l2 degree;
• κ¯[l2] : T (l2)l2 (A) ⊕ T̂ (l2)(A)→W
(l2)
l2
⊕ Ŵ (l2) is an isomorphism up to the action of U′Y .
Let A be the universal abelian scheme over M˜[l1]n and Al∞2 be the l∞2 -divisible group of A, then
(Al∞2 )
1,1
2 is a divisible OF,l2-module of height 2 and dimension 1. We denote by E∞ the pullback
of (Al∞2 )
1,1
2 toM[l1]n . Let x be a geometric point ofM[l2]n , then the fiber E∞,x is either of the form
Fl2/OF,l2 × Σ1 or Σ2 where Σ1 is the formal OF,l2 module of height 1 and Σ2 is the formal OF,l2
module of height 2. If the first case happens, then we say x is ordinary and if the second case
happens then we say x is supersingular. See [Car83, Section 0.8].
We fix an isomorphism ϕB′′,B′ : B̂′′(l2)× → B̂′(l2)× and put U′′ = ϕ−1B′′,B′(U′(l2))O×B′′,l2 . By [Car83,
Section 11.2], we have an identification
γ : XB′′(U
′′Y )−→M[l1]n (Fl22)ss
where the righthand side is the supersingular locus of the special fiber of M[l1]n and Fl22 is the
residue field of OK,l2 .
Lemma 6.5. We have redl2(Pm(a)) ∈ M[l1]n (Fl22)ss and moreover redl2(Pm(a)) = γ(xm(a)τn).
Proof. The first part is proved by observing that for a geometric point x underlying redl2(Pm(a))
the formal OF,l2 module E∞,x admitts an Fl2 linear action of Kl2 . Since l2 is inert, it follows that
the connected part E0∞,x of E∞,x has to be Σ2.
By [Car83, Section 11.2], the action of B̂′′× is transitive on M[l1]n (Fl22)ss and so γ can be chosen
such that redl2(P ) = γ([1]) for some CM point P and redl2(Pm(a)) = xm(a)τn(redl2(P )). 
Theorem 6.6 (Second reciprocity law). Under the assumption (CR+), (n+-DT), PO and "Ihara’s
lemma", there exists an n-admissible form D′′ = (∆B l1l2, g′′) such that the following equalities
hold
vl1(κD(l2)) = vl2(κD(l1)) = θ∞(D′′) ∈ Of,n[[Γ]].
Proof. Let J [l1]n = Pic0(M[l1]n ). Then γ induces a map
γ∗ : Z[XB′′(U′′Y )]−→J [l1]n (kl22)Of /I [l1]g −→H1fin(Kl2 , Tf,n) ≃ Of,n.
By [VO13, Proposition 11.9] or [Lon12, Lemma 7.20] based on Ihara’s general theorem [Iha99,
Section 3 (G)] and Proposition 6.4, γ∗ is in fact surjective and hence gives rise to a modular
form g′′ ∈ SB′′2 (U′′Y,Of,n). Moreover it is an eigenform for the Hecke algebra TB′′(n+Y, pn)
such that its Hecke eigenvalues are given by λ′′ : TB′′ (n+Y, pn)−→Of,n which is determined by
λ′′(Tv) = λf (Tv) (mod ̟n) for v ∤ pnl1l2, λ′′(Uv) = λf (Uv) (mod ̟n) for v | pn and λ′′(Uli) = ǫli
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for i ∈ {1, 2}. Such an eigenform is unique up to a unit in Of,n again by the multiplicity one result
Theorem 9.9.
It follows from the above discussion that
(6.4)
vl2(κD(l1)m) =
∑
[a]m∈Gm
〈xm(a)τn, g′′〉π([a]m)
=
∑
[a]m∈Gm
g′′(xm(a))π([a]m)
= θm(D′′).
By switching the role of l1 and l2, we get the conclusion of the theorem. 
7. Euler system argument
In this chapter we carry out the Euler system argument to bound the Selmer group. The method
employed here is originally due to [BD05]. The main result Theorem 7.17 is proved under the
assumptions: (CR+), (n+-min) and PO. The assumption (n+-min) is stronger than the desired
assumption (n+-DT) but we will later relax it to (n+-DT) in chapter 10.
7.1. Special elements in the Galois representation. Throughout this section we will assume
the assumptions PO, (CR+) and (n+-min). Let H = ρ¯∗f(GF ) be the image of the residual Galois
representation. We examine the existence of certain special elements in the image. We have the
following lemma.
Lemma 7.1. The group H contains
(1) the scalar matrix −1;
(2) an element h ∈ H such that Tr(h) = det(h) + 1 with det(h) 6= ±1 ∈ Fp.
Proof. For (1), let Z be the center of H . From (CR+)(1), we note that Z is contained in the set
of scalar matrices. If p | #H , then it is well-known that H contains a conjugate of SL2(Fp) and
the result follows. So we assume that H has order prime to p but then H/Z has the following
possibilities:
H/Z is cyclic. This is impossible in view of (CR+)(1).
H/Z is the three exceptional groups A4, S4, A5. However if we let Ip be the image of the inertia at
p in H/Z, then we know it is a cyclic group of order > 5 by the assumption that #(F×p )k−1 > 5.
Then these possibilities can not happen.
H/Z is the dihedral group. Since #(F×p )k−1 is even, Ip is contained in a cyclic group of even order
and hence there is an element of order 2 in H/Z. We can then conclude that there is an element
of order 2 in Z.
For (2), if p ∤ N(l)2 − 1 for some l | n−, then we can simply choose Frobl as our element h.
If this is not the case, then by our assumption CR+(3), ρ¯∗f (GF ) is ramified at l and hence H
contains the image of the inertia which is a subgroup of order divisible by p. Therefore H/Z
contains the group PSL2(F ) for some finite extension F/Fp and is contained in PGL2(F ). Therefore
[SL2(F ), SL2(F )] = SL2(F ) is contained in H . We take C = GL2(F )∩H . Then C sits in between
SL2(F ) and GL2(F ). Let γ ∈ H be the image of a generator of the inertia group at p. Then
we have det(γ) = u generates F×p and moreover Tr(γ) = uk/2 + u1−k/2 ∈ Fp is non-zero. By the
previous discussion, we have H ⊂ F¯pGL2(F ). We conclude from Tr(γ) = uk/2 + u1−k/2 ∈ Fp that
γ ∈ C. Thus C ⊃ FpSL2(F ). The result follows as then H contains GL2(Fp). 
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As a consequence of the above two lemmas, we prove the following key theorem for our Euler
system argument.
Theorem 7.2. Let t ≤ n be a postive integer. Let κ ∈ H1(K,Af,t) be a non-zero element, then
there exist infinitely many n-admissible primes l such that ∂l(κ) = 0 and vl : 〈κ〉−→H1fin(Kl, Af,t)
is injective. Here 〈κ〉 is the Of,t-submodule of H1(K,Af,t) generated by 〈κ〉.
Proof. First of all, since l is an n-admissible prime, H1fin(Kl, Af,1) →֒ H1fin(Kl, Af,t) is injective.
Thus without loss of generality we can assume that t = 1 and κ ∈ H1(K,Af,1).
Let Ln = F¯ ker(ρn) be the field cut out by ρn := ρ∗f (mod ̟
n). We remark that since DK/F is prime
to np and ρn is unramified away form np, the field Ln is linearly disjoint from K.
We putM = LnK, then Gal(M/F ) = Gal(K/F )×Gal(Ln/F ) which is of the form 〈τ〉×Aut(Af,n).
By Lemma 7.1(1), Gal(Ln/F ) contains a subgroup of the form 〈±1〉. Then by the Hochschild-Serre
spectral sequence
Hr(Gal(Ln/F )/〈±1〉, Hs(〈±1〉, Af,n))⇒ Hr+s(Ln/F,Af,n),
we see Hi(Ln/F,Af,n) = Hi(M/K,Af,n) = 0 for all i. Thus
H1(K,Af,1)−→H1(M,Af,1)
is injective . We identify κ with its non-zero image κ ∈ H1(M,Af,1) = Hom(GM , Af,1). Let Mκ
be the field cut out by κ overM and Aκ := κ(Gal(Mκ/M)) ⊂ Af,1 be a Fp[Gal(M/F )] submodule
of Af,1. Notice Aκ is of dimension 2 by (??).
Without loss of generality, we can assume τκ = δκ for some δ ∈ {±1}. Then Mκ/F is Galois and
we can identify Gal(Mκ/F ) with Aκ ⋊ Gal(M/F ) where (τ j , σ) ∈ Gal(M/F ) acts on v ∈ Aκ by
(τ j , σ)v = δjρ1(σ)v.
By Lemma 7.1, we can find an element (v, τ, σ) ∈ Gal(Mκ/F ) ≃ Aκ ⋊ (Gal(K/F )×Gal(Ln/F ))
such that
(1) ρn(σ) has eigenvalues δ and λ in (Of,n)× where λ 6= ±1 and has order prime to p;
(2) v is in the δ-eigenspace of σ.
By the Chebotarev density theorem, there exist infinitely many unramified l with l ∤ n such that
Frobl(Mκ/F ) = (v, τ, σ). Then it follows that l is n-admissible for f as we have Frobl(M/F ) =
(τ, σ). Let L be any place above l in M . Then we have FrobL(Mκ/M) = (v, τ, σ)d = v +
δσv · · ·+ δσd−1v = dv where d is the residue degree of L over l which is necessarily even. Hence
κ(FrobL(Mκ/M)) = dκ(v) 6= 0 and vl(κ) = (κ(FrobL(Mκ/M)))L|l is not zero. 
Let ∆ be a square free product of primes in F such that ∆/n− is a product of n-admissible primes.
Definition 7.3 (n-admissible set). A finite set S of primes in F is said to be n-admissible for f
if:
(1) S consists of n-admissible primes of f .
(2) The map Sel∆(K,Tf,n)→ ⊕l∈SH1fin(Kl, Tf,n) is injective.
Remark. It follows from Theorem 7.2 that any collection of n-admissible primes can be enlarged
to an n-admissible set.
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7.2. Freeness of Selmer groups. Let S be an n-admissible set for f and L/K be a finite
extension contained in K∞/K. In this section all the results are proved under the assumptions
(CR+), (n+-min), and PO.
Lemma 7.4. The map Sel∆(L, Tf,n)−→⊕l∈S H1fin(Ll, Tf,n) is injective.
Proof. Let C be the kernel of this map. Since Gal(L/K) is a p-group, there exists a non-trivial
fixed point of its action. It follows from Proposition 2.10 that this fixed point is in the kernel of
Sel∆(K,Tf,n)−→⊕l∈S H1fin(Kl, Tf,n) which is a contradiction to the n-admissibility of S. 
We have the following Poitou-Tate exact sequence.
Lemma 7.5.
0−→Sel∆(L, Tf,n)−→SelS∆(L, Tf,n)−→⊕l∈S H1sing(Ll, Tf,n)−→Sel∆(L,Af,n)∨−→0.
Proof. This is standard, see [Rub00, Theorem 1.7.3]. The right exactness follows from the n-
admissibility of S. 
Proposition 7.6. The Selmer group SelS∆(L, Tf,n) is a free Of,n[Gal(L/K)]-module of rank |S|.
Proof. Let L = Km for somem large enough, and letmn,m be the maximal ideal ofOf,n[Gal(Km/K)].
Notice Of,n[Gal(Km/K)] is of the form
Of,n[x1, · · · , xd]/(xp
m
1 − 1, · · · , xp
m
d − 1)
which implies it is local complete intersection and thus Gorentein.
By Lemma 2.10, we have SelS∆(K,Tf,1) = Sel
S
∆(Km, Tf,n)[mn,m]. Hence
SelS∆(Km, Tf,n)
∨
/mn,m ≃ SelS∆(K,Tf,1)
∨
where the latter module is free of rank |S| over Of,1 by Lemma 7.5. Then by Nakayama’s lemma,
SelS∆(Km, Tf,n)
∨
has a basis of |S| elements over Of,n. But by Lemma 7.5 and a cardinality
consideration, SelS∆(Km, Tf,n)
∨
is free of rank |S|. By the Gorensteiness of Of,n[Gal(Km/K)], it
follows that SelS∆(Km, Tf,n) is also free of rank |S|. 
We summarize some easy consequence of the above lemma in the following corollary.
Corollary 7.7. Let S be an n-admissible set, then
(1) Ŝel
S
∆(K∞, Tf,n) is free of rank #S over Λ/̟
n.
(2) Ŝel
S
∆(K∞, Tf,n)/mΛ = Sel
S
∆(K,Tf,1).
(3) Ŝel
S
∆(K∞, Tf,n)/̟Λ = Ŝel
S
∆(K∞, Tf,1).
7.3. Divisiblity of the Euler system and Selmer group. Let ξ : Λ−→Oξ be an Of -algbera
homomorphism, where Oξ is a discrete valuation ring of characteristic 0. Let ̟ξ be a uniformizer
of Oξ. Let M be an Oξ-module. For each x ∈ M , we denote by ord̟ξ(x) = sup{m ∈ Z ∪ {∞} |
x ∈ ̟mξ M} the divisibility index of x. Note x = 0 if and only if ord̟ξ(x) =∞.
For a finitely generated Λ-module, we will write charΛ(M) the characteristic ideal of M . The
following result original due to Bertonili-Darmon [BD05] and in our case due to Longo [Lon12]
gives a criterion of identifying elements in charΛ(M).
Lemma 7.8. Let M be a finitely generated Λ-module and L ∈ Λ. Suppose that for any homo-
morphism ξ : Λ−→Oξ, we have lengthOξ(M ⊗ξ Oξ) ≤ ord̟ξ(ξ(L)). Then L ∈ charΛ(M).
ANTICYCLOTOMIC IWASAWA THEORY FOR HILBERT MODULAR FORMS 33
Proof. It follows from the statement of this Lemma that ξ(L) ∈ FittOξ(Mξ) for all ξ, then the
lemma follows from [Lon12, lemma 7.4]. 
Let n be a positive integer and ∆ be a square-free product of primes in F as in Definition 5.1. For
any ξ : Λ→ Oξ, we define two integers for each n-admissible form D = (∆, fn):
(7.1)
sD = lengthOξ Sel∆(K∞, Af,n)
∨ ⊗ξ Oξ;
tD = ord̟ξξ(θ∞(D)) where ξ(θ∞(D)) ∈ Of,n[[Γ]]⊗ξ Oξ = Oξ/̟nξ .
We will prove the following analogue of [PW11, Proposition 4.3] using an inductive argument. The
one divisibility result will immediately follow from it.
Theorem 7.9. Assume (CR+), (n+-min), PO and "Ihara’s lemma" hold. Let t0 ≤ n be a
non-negative ineteger and let Dn+t0 = (∆, fn+t0) be an (n + t0)-admissible form. We set Dn =
Dn+t0 (mod ̟n) = (∆, fn+t0 (mod ̟n)). Suppose that tDn ≤ t0, then sDn ≤ 2tDn .
7.3.1. Proof of the Theorem 7.9. We will prove this theorem by induction on tDn . If tDn = ∞ or
sDn = 0, then the claim is trivially true. So we consider the case when
(7.2)
tDn <∞⇒ ξ(θ∞(Dn)) 6= 0;
sDn > 0⇒ Sel∆(K∞, Af,n)⊗ξ Oξ 6= {0}.
From now on we will denote
t = tDn ,
s = sDn .
Let Sξn = Ŝel
S
∆(K∞, Tf,n) ⊗ξ Oξ and for some n-admissible prime l, let κDn+t,ξ(l) ∈ Sξn+t be the
image of κDn+t(l). We define an integer eDn+t(l) by
eDn+t(l) = ord̟ξ(κDn+t,ξ(l)).
By the first reciprocity law inTheorem 6.2, we have
(7.3) eDn+t(l) ≤ ord̟ξ(∂l(κDn+t,ξ(l))) = ord̟ξ(ξ(θ∞(Dn+t))) = ord̟ξ(ξ(θ∞(Dn))) = t.
Let κ˜Dn+t,ξ(l) be such that ̟
eDn+t (l)
ξ κ˜Dn+t,ξ(l) = κDn+t,ξ(l) and let κ
′
Dn+t,ξ(l) be the image of
κ˜Dn+t(l) under the map S
ξ
n+t−→Sξn.
Lemma 7.10. We have
(1) ord̟ξ(κ
′
Dn+t,ξ(l)) = 0,
(2) ord̟ξ(∂l(κ
′
Dn+t,ξ(l))) = t− eDn+t(l),
(3) ∂v(κ′Dn+t,ξ(l)) = 0 for all v ∤ ∆l,
(4) resv(κ′Dn+t,ξ(l)) ∈ Ĥ1ord(K∞,v, Tf,n) for all v | ∆l.
Proof. (1) follows from the control theorem of Selmer groups Corollary 7.7: Sξn+t/̟ξ → Sξn/̟ξ
is an isomorphism and hence ord̟ξ(κ
′
Dn+t,ξ(l)) = ord̟ξ(κ˜Dn+t,ξ(l)) = 0.
(2) follows from the first reciprocity law in Theorem 6.2. (3) and (4) follow from the definition of
the relevant Selmer group. 
Lemma 7.11. Let ηl : Ĥ1sing(K∞,l, Tf,n)⊗ξ Oξ−→Sel∆(K∞, Af,n)∨ ⊗ξ Oξ be the map defined by
ηl(c)(x) = 〈c, vl(x)〉 for x ∈ Sel∆(K∞, Af,n)[ker ξ] and c ∈ Ĥ1sing(K∞,l, Tf,n). Then ηl(∂l(κ′Dn+t,ξ(l))) =
0.
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Proof. Note that Sel∆(K∞, Af,n)
∨⊗ξOξ = Sel∆(K∞, Af,n)[ker ξ]∨. Consider the sum
∑
q〈resq(κ′Dn+t,ξ(l)), resq(x)〉 =
0 by the global class field theory.
Notice that for q ∤ ∆l, ∂q(κ′Dn+t,ξ(l)) = 0, and for q | ∆, both resq(x) and resq(κ′Dn+t,ξ(l)) are
ordinary. It follows that the only possible non-trivial term in the above sum is ηl(resl(κ′Dn+t,ξ(l))) =
〈resl(κ′Dn+t,ξ(l)), resl(x)〉. This shows that this term itself is zero. 
Lemma 7.12 (Base case). If t = 0, then s = 0.
Proof. If t = ord̟ξξ(θ∞(Dn)) = 0(in this case eDn+t(l) = t = 0 by (7.3) and κ′Dn+t,ξ(l) =
κDn,ξ(l)), then ξ(θ∞(Dn)) is a unit and hence by the first reciprocity law, for any admissible prime
l, ∂l(κDn,ξ(l)) spans the rank one space Ĥ
1
sing(K∞,l, Tf,n)⊗ξ Oξ. It follows from Lemma 7.11 that
the map ηl is zero. Now if s 6= 0, Sel∆(K∞, Af,n)∨⊗ξ Oξ is non-trivial and by Nakayama’s lemma
(Sel∆(K∞, Af,n)
∨ ⊗ξ Oξ)/mξ = (Sel∆(K∞, Af,n)[mΛ])∨ ⊗ξ Oξ
is nontrivial. By Theorem 7.2 we can choose an admissible prime l and a nontrivial element c ∈
Sel∆(K∞, Af,n)[mΛ] = Sel∆(K,Af,1) such that vl(c) is non-zero. It then follows that ηl(∂l(κ′Dn+t,ξ(l)))(c)
is non-trivial which is a contradiction to the previous lemma. 
Now we assume that t > 0. Let Ξ be the set of primes l such that
(1) l is an n+ t0-admissible and l ∤ ∆;
(2) the integer eDn+t(l) is minimal for the set of l in (1).
Let e = eDn+t(l) for any l satisfies the above conditions.
Lemma 7.13. We have e < t.
Proof. As we already know e ≤ t, we assume e = t and derive a contradiction. Since we assumed
s > 0, the Selmer group Sel∆(K∞, Af,n)
∨⊗ξOξ is non-trivial. We may use the same argument as in
Lemma 7.12 to conclude that there is a non-trivial class x ∈ Sel∆(K∞, Af,n)[mΛ] ⊂ H1(K,Af,1).
Then by Theorem 7.2, there are n + t0 admissible primes l such that vl(x) 6= 0. Now by the
assumption e = t and Lemma 7.10, we have ∂l(κ′Dn+t,ξ(l)) is indivisible and hence its image is
non-zero in H1(K,Af,1)⊗ξ Oξ. But this is a contradiction to Lemma 7.11. 
We choose l1 ∈ Ξ and enlarge it to an (n+ t0)-adimissible set. Let κ1 be the image of κ′Dn+t,ξ(l1)
under the map
Ŝel
S
∆(K∞, Tf,n)⊗ξ Oξ/̟ξ →֒ H1(K,Tf,1)⊗ξ Oξ.
By Lemma 7.10(1), κ1 is nontrivial viewing it as an element in H1(K,Tf,1) ⊗ξ Oξ. So by Theo-
rem 7.2, we can pick an (n+ t0)-admissible prime l2 such that vl2(κ1) 6= 0 ∈ H1(Kl2 , Tf,1)⊗ξ Oξ.
It follows from above choice that
ord̟ξ(vl2(κDn+t,ξ(l1))) = ord̟ξ(κDn+t,ξ(l1)) ≤ ord̟ξ(κDn+t,ξ(l2)) ≤ ord̟ξ(vl1(κDn+t,ξ(l2)))
where the middle inequality is due to the fact that l1 is an element in Ξ.
From the second explicit reciprocity law, we can find an n+t0-admissible formD′′n+t0 = (∆l1l2, gn+t0)
such that
vl2(κDn+t(l1)) = vl1(κDn+t(l2)) = θ∞(D′′n+t)
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where D′′n+t = D′′n+t0 (mod ̟n+t). This implies that the above sequence of inequalities are
all in fact equalities and in particular that e = eDn+t(l1) = ord̟ξ(κDn+t,ξ(l1)) = eDn+t(l2) =
ord̟ξ(κDn+t,ξ(l2)). It then follows that l2 ∈ Ξ. Let D′′n = (∆l1l2, gn+t0 (mod ̟n)), then we have
tD′′n = ord̟ξ(ξ(θ∞(D′′n))) = ord̟ξ(vl2(κDn+t,ξ(l1))) = ord̟ξ(κDn+t,ξ(l1)) = e < t ≤ t0.
Then by the induction hypothesis applied to D′′n, we have sD′′n ≤ 2tD′′n . To finish the proof, we
prove the following inequality
sDn ≤ sD′′n + 2(t− tD′′n ).
We denote by S[l1,l2] the submodule of Sel∆(K∞, Af,n) consisting of classes that are locally trivial
at primes over l1 and l2. By definition we have the following exact sequence
(7.4) Ĥ1sing(K∞,l1 , Tf,n)⊕ Ĥ1sing(K∞,l2 , Tf,n) P−→ Sel∆(K∞, Af,n)∨−→S[l1,l2]∨−→0
where P is induced by 〈, 〉l1 ⊕ 〈, 〉l2 . Similarly, we have
(7.5) Ĥ1fin(K∞,l1 , Tf,n)⊕ Ĥ1fin(K∞,l2 , Tf,n) P−→ Sel∆l1l2(K∞, Af,n)∨−→S[l1,l2]∨−→0.
We tensor the first exact sequence by Oξ and we fix isomorphisms
(Ĥ1sing(K∞,l1 , Tf,n)⊕ Ĥ1sing(K∞,l2 , Tf,n))⊗ξ Oξ ≃ O2ξ/ξ(̟)n
and
(Ĥ1fin(K∞,l1 , Tf,n)⊕ Ĥ1fin(K∞,l2 , Tf,n))⊗ξ Oξ ≃ O2ξ/ξ(̟)n.
By Lemma 7.11, we get from the first exact sequence above,
(7.6)
Oξ
(∂l1(κ
′
Dn+t,ξ(l1)))
⊕ Oξ
(∂l2(κ
′
Dn+t,ξ(l2)))
P−→ Sel∆(K∞, Af,n)∨ ⊗ξ Oξ → S[l1,l2]∨ ⊗ξ Oξ → 0.
Lemma 7.14. We have an isomorphism
Sel∆l1l2(K∞, Af,n)
∨ ⊗ξ Oξ ≃ S[l1,l2]∨ ⊗ξ Oξ.
Proof. Let s ∈ Sel∆l1l2(K∞, Af,n)[ker(ξ)]. We consider the sum∑
v
〈resv(κ′Dn+t,ξ(l1)), resv(s)〉v = 0.
For v ∤ l2, the summand 〈resv(κ′Dn+t,ξ(l1)), resv(s)〉v = 0 and it follows that
〈vl2(κ′Dn+t,ξ(l1)), resl2(s)〉l2 = 0.
The same argument can be used to show that 〈vl1(κ′Dn+t,ξ(l2)), resl1(s)〉l1 = 0. Hence (7.5) factors
through
Oξ
(vl1(κ
′
Dn+t,ξ(l2)))
⊕ Oξ
(vl2(κ
′
Dn+t,ξ(l1)))
P−→ Sel∆l1l2(K∞, Af,n)∨ ⊗ξ Oξ → S[l1,l2]∨ ⊗ξ Oξ → 0.
But ord̟ξ(vl1(κ
′
Dn+t,ξ(l2))) = tD′′n+t − e = 0 and the claim follows. 
Now Theorem 7.9 follows by pluging in the isomorphism to the exact sequence (7.6) and noticing
that ord̟ξ(∂l1(κ
′
Dn+t,ξ(l1))) = ord̟ξ(∂l2(κ
′
Dn+t,ξ(l2))) = t− e = t− tD′′n .
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7.4. One divisibility of the Iwasawa main conjecture. Now we deduce the one divisibility
of the main conjecture from the above theorem. Let π be the unitary automorphic representation
associated to f . Following [CH12], Hung [Hun14] has defined θ∞(f) = θ∞(f, 1) ∈ Λ. We briefly
sketch its construction below and deduce our main result from it.
By the Jaquet-Langlands correspondence we can find an automorphic representation π′ for the
group G = ResF/Q(B×) and an normalized eigenform fB ∈ Sk(R̂×n+Y,C) with the property that
TvfB = av(f)fB for v ∤ n and UvfB = αv(f)fB for v | n. Here we let B be a quaternion algebra
over F with discriminant n− and R̂n+ be an Eichler order of level n+. We normalize fB such that
its p-adic avatar f̂B 6= 0(mod ̟).
For v ∈ Lk(C) and hB ∈ Sk(R̂×n+Y,C), we can define Ψ(v ⊗ hB) ∈ Ak(n+,C) in the space of
scalar valued automorphic forms on B̂× of level n+. Here Ψ(v ⊗ hB)(g) = 〈ρk,∞(g∞)v, hB〉k.
Back to our setting, we set ϕB = Ψ(v0 ⊗ fB) ∈ Ak(n+,C)[π′] where v0 = X k−22 Y k−22 . And define
the p-stablization ϕ†B of ϕB with respect to αp as
ϕ†B = ϕB −
1
αp
π′(
(
1 0
0 ̟p
)
)ϕB .
The theta element is defined as
Θm(f) = α
−m
p
∑
a∈Gal(Hm/K)
ϕ†B(xm(a))[a] ∈ C[Gal(Hm/K)].
By [Hun14, Lemma 5.4 (1)], one can in fact identify θm(f) as an element in Of [Gal(Hm/K)]. By
the same computation as in Lemma 5.8, we verify
πm+1,m(Θm+1(f)) = Θm(f)
for the transition map πm+1,m : Gal(Hm+1/K) → Gal(Hm/K). We define θm(f) as the image
of Θm(f) under the natural projection Gal(Hm/K) → Gal(Km/K). In particular we obtain an
element θ∞(f) ∈ Of [[Gal(H∞/K)]]. We can project this element to Of [[Gal(K∞/K)]]. We define
the p-adic L-function Lp(K∞, f) by Lp(K∞, f) = θ∞(f)2 and we have the following interpolation
formula proved by Hung [Hun14].
Theorem 7.15. For each finite character χ : Γ−→Cp of conductor pm,
χ(θ2∞(f)) = Γ(
k
2
)2u2K
√
DKD
k−1
K
D
3
2
F
N(p)m(k−1)χ(N+)ǫp(f)ap(f)−mep(f, χ)2
L(f/K, χ, k/2)
Ωf,n−
.
Here we denote by
(1) DF resp.DK is the absolute discriminant of F resp.K.
(2) We fix a decomposition n+ = N+N+.
(3) ǫp(f) is the local root number at p.
(4) uK = [O×K : O×F ].
(5) ep(f, χ) is the p-adic multiplier defined as follows
ep(f, χ) =

1 if χ is ramified;
(1 − α−1p χ(P))(1 − α−1p χ(P)) if s = 0 and p = PP is split;
1− α−2p if s = 0 and p is inert;
1− α−1p χ(P) if s = 0 and p = P2 is ramified.
(6) Ωf,n− is a complex period associated to f known as the Gross period [Hun14, (5.2)].
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Proposition 7.16. If ∆ = n−, there is an n-admissible form Dfn = (n−, f †,[k−2]n ), such that
θm(Dfn) ≡ θm(f) (mod ̟n)
and in particular that
θ∞(Dfn) ≡ θ∞(f) (mod ̟n).
Proof. Let B and fB be chosen as in the previous discussion. Let
f †,[k−2]n (b) =
√
β
2−k
2 〈Xk−2, f̂ †B(b)〉kmod ̟n.
Then we have f †,[k−2]n ∈ SB2 (UY,Of,n). Moreover it is shown in [Hun14, Lemma 6.11] that f †,[k−2]n
is not Eisenstein. Hence we conclude by [Hun14, Corolarry 6.8] that f †,[k−2]n (mod ̟) is non-zero.
Finally we conclude with [Hun14, Lemma 5.4] for the desired congruence relation. Thus we know
that f †,[k−2]n is n-admissible. 
Theorem 7.17. Assume the hyothesis (CR+), (n+-min), PO and "Ihara’s lemma" hold. We have
charΛSel(K∞, Af )
∨ ⊃ (Lp(K∞, f)).
Proof. let ξ : Λ−→Oξ be an Of -algebra homomorphism. If ξ(Lp(K∞, f)) is zero, then then
it is in FittOξ(Sel(K∞, Af ))
∨ ⊗ξ Oξ. If ξ(Lp(K∞, f)) is non-zero, then we can choose t0 >
ord̟ξ(ξ(Lp(K∞, f))). For each positive n, we have the n+t0- admissible formDfn+t0 = (n−, f
†,[k−2]
n+t0 )
as in Proposition 7.16 and the n-admissible formDfn = Dfn+t0 (mod ̟n). By applying Theorem 7.9,
we have ξ(Lp(K∞, f)) = ξ(θ∞(Dfn)2) ∈ FittOξ(Seln−(K∞, Af,n)∨ ⊗ξ Oξ) for all ξ and n. Then the
criterion Lemma 7.8 shows that Lp(K∞, f) ∈ FittΛ Seln−(K∞, Af )∨. By [Hun14, Theorem B],
Lp(K∞, f) is non-zero and hence Seln−(K∞, Af ) is Λ-cotorsion. The theorem then follows from
Proposition 2.4 which identifies Seln−(K∞, Af ) with Sel(K∞, Af ). 
8. Some arithmetic consequences
Let L be a number field and V be a representation of the Galois group GL over some p-adic field
E. Recall that the Bloch-Kato Selmer group Self (L, V ) is defined by
Self (L, V ) = ker{H1(L, V )→
∏
v
H1(Lv, V )/H
1
f (Lv, V )}
where
(8.1)
H1f (Lv, V ) = H
1
fin(Lv, V ) when v ∤ p,
H1f (Lv, V ) = ker{H1(Lv, V )→ H1(Lv, V ⊗Qp Bcris)} for v | p.
The Bloch-Kato conjecture relates the rank of the Selmer group and the order of vanishing of the
L-function attached to the Galois representation. In this section we prove certain cases of the
refined type Bloch-Kato conjecture in the rank zero case.
8.1. Bloch-Kato type conjecture and parity conjecture. In this chapter, we denote by Hc
the ring class field of K with conductor c. Let χ be a finite order character of Gal(Hc/K), we
consider the twisted Bloch-Kato Selmer group Self (K,Vf ⊗ χ). We have a canonical isomorphism
Self (K,Vf ⊗ χ) ≃ Self (Hc, Vf )χ−1 where the righthand side is the χ−1-isotypic component of
Self (K,Vf ) for the action of Gal(Hc/K). The complex conjugation of Gal(Hc/K) induces an
isomorphism between
Self (Hc, Vf )χ
−1
and Self (Hc, Vf )χ.
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The Bloch-Kato conjecture relates the order of the L-function L(f/K, χ, k/2) to the rank of these
Selmer groups, more precisely we expect:
ords=k/2L(f/K, χ, s) = rank Self (K,Vf,χ).
In this section we provide some results in this direction. In particular we prove the so called parity
conjecture in this setup.
First we provide the following proposition which relates the divisibility index of the theta element
to the size of the Selmer group studied in this paper. We remark that the proof of this result only
depends on the first reciprocity law in Theorem 6.2 and in particular we don’t have to assume
"Ihara’s lemma". Let χ be a finite order character of Gal(Km/K) and let ̟χ be the uniformizer
for the ring generated over Of by the values of χ.
Proposition 8.1. Let c = ord̟χ(χ(θm(f))). Then ̟
c
χSeln−(Km, Af,n)
χ = 0 for every large n.
Proof. For every integer n > c, we can find an admissible form Dfn = (n−, f †,[k−2]n ), such that
θm(Dfn) ≡ θm(f) (mod ̟n).
By the first reciprocity law and Theorem 7.2, we therefore can find an admissible prime l such
that ∂l(κDfn(l)) ≡ θm(f) (mod ̟np ). Let s ∈ Seln−(Km, Af,n)χ, we can also choose the admissible
prime l such that resl(s) is non-zero using Theorem 7.2. Then by considering the sum∑
v
〈resv(κDfn(l)), resv(s)〉 = 0,
we conclude that
〈∂l(κDfn(l)), resl(s)〉 = 0
using the same type of argument as in Lemma 7.11. Hence ̟cχs = 0 by the non-degeneracy of the
local Tate pairing. Therefore we see that ̟cχSeln−(Km, Af,n)
χ = 0. 
Now an immediate corollary from the above theorem is the proof of the following rank zero case
of the refined Bloch-Kato conjecture.
Theorem 8.2. Suppose that L(f, χ, k/2) 6= 0. Then Self (Km, Vf )χ = 0.
Proof. By the interpolation formula Theorem 7.15 and Proposition 8.1, we see that Seln−(Km, Af,n)χ
is bounded independent of n. Therefore it follows that Seln−(Km, Af )χ is finite. Since Self (Km, Vf )χ ⊂
Seln−(Km, Vf )χ, we obtain Self (Km, Vf )χ = 0. 
8.2. The parity conjecture. From the Bloch-Kato type theorem proved in the last section, one
can deduce a version of the parity conjecture for twists of Vf . The result stated here is already
proved by Nekovar [Nek08] and we give another proof based on the general treatment of the
parity conjecture in [Nek07]. A similar treatment of the parity conjecture in a slightly different
situation is proved in [CH15a, Theorem 6.4], we follow their method closely. We let χ be a finite
order character of Γ of conductor pm as above. Let Vf,χ = Vf ⊗ χ. We have an isomorphism
Self (K,Vf,χ) ∼= Self (Km, Vf )χ−1 . The parity conjecture in our context asserts the following:
Theorem 8.3.
ords=k/2L(f/K, χ, s) ≡ rank Self (K,Vf,χ) ≡ 0 (mod 2).
Proof. Recall that Λ is the Iwasawa algebra for Γ over Of . Let χuni : GK → Λ× be the universal
deformation of the character χ. Denote by T the GF -module T ⊗ IndFKχuniv and let V = T ⊗Ef .
We also put T +p = F+T ⊗ Λ. Then the pair (T , T +p ) and its specializations satisfies the condition
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listed in [Nek07, 5.12.(1)-(9)]. Let φ be a finite order character of Γ sufficiently wildly ramified
such that χφ(θ∞(f))2 6= 0. Then by Theorem 8.1, we can conclude that rank Self (K,Vf,χφ) =
0. We put Vφ as the specialization of V at φ. By [Nek07, 5.3.1], we have rank Self (F,Vφ) ≡
rank Self (F,Vtriv) (mod 2) where Vtriv is the specialization of V at the trivial character. We
also know the sign of the associated Weil-Deligne representation ǫ(Vφ′) is independent of the
specialization φ′ and is equal to 1. Notice that we have Self (F,Vφ′) ∼= Self (K,Vf,χφ′) for any
specialization φ′ and we conclude by letting φ′ be φ and be the trivial character respectively. This
shows
rank Self (K,Vf,χ) ≡ rank Self (K,Vf,χφ) ≡ 0 (mod 2)
which finishes the proof. 
9. Multiplicity one for quaternion alegbra
The purpose of this section is to prove a multiplicity one result for the space of automorphic forms
on a quaternion algebra localized at certain maximal ideal of the Hecke algebra. This result plays
a crucial role in establishing the reciprocity laws.
9.1. Taylor-Wiles construction for Hilbert modular forms. Let π be the automorphic rep-
resentation attached to f . Let π′ be the preimage of π under the Jaquet-Langlands correspondence.
So π′ gives rise to a morphism λπ′ : TB(n+Y ) → Of with Y = F̂×. Let n0 = nρ¯f be the Artin
conductor of the residual Galois representation ρ¯f of ρf . Let n−1 be the product of primes of n
−
not dividing n0 and let n∅ = n−1 n0. By the level lowering results [Raj01], [Jar99], there exists
a morphism λ∅ : TB(n∅Y ) → Of such that λ∅(Tv) = λπ′(Tv) (mod ̟) for all v ∤ n. We write∏
v v
mv = n/n∅. We recall our assumptions (CR
+) and (n+-DT) namely:
Hypothesis (CR+). (1) p > k + 1 and #(F×p )k−1 > 5.
(2) The restriction of ρ¯f to GF (√p∗) is irreducible where p∗ = (−1)
p−1
2 p.
(3) ρ¯f is ramified at l if l | n− and N(l)2 ≡ 1 (mod p).
(4) n0 is prime to n/n0.
(n+-DT) : If l || n+ and N(l) ≡ 1 (mod p), then ρ¯f is ramified.
By [Jar99, Theorem 1.5] and (CR+), we know that mv ≤ 2 and mv = 0 unless v | n+. Let Σ be a
subset of the set of prime factors of n/n∅ and we put nΣ = n∅
∏
v∈Σ v
mv . Let TΣ = TB(nΣY )mΣ
be the localization of the Hecke algebra at the maximal ideal mΣ generated by:
̟,Tv − λ∅(Tv) for v ∤ nΣ, Uv − λπ′(Uv) for v | nΣ.
Let SΣ = Sk(R̂×nΣY,Of )mΣ where RnΣ is the Eicher order of level nΣ. This chapter is devoted to
proving the following multiplicity one result.
Theorem 9.1. Assume (CR+) and (n+-DT) hold, the module SΣ is free over TΣ of rank 1.
The proof of this is based on the refinement of Diamond on the Taylor-Wiles method [Dia97b].
Notice this result is already shown in [Tay06, Theroem 3.2] in the case when mv = 2 for every
v ∈ Σ. We review his result and extend it to our situation, this section follows closely to [CH12,
Section 6].
There is a Galois representation ρΣ : GF → GL2(TΣ) such that
• ρΣ is unramified outside pnΣ.
• Tr ρΣ(Frobv) = Tv for all v away from pnΣ.
40 HAINING WANG
• There is a character χv : GFv → T×Σ such that ρΣ |GFv=
(
χ−1v ǫ ∗
0 χv
)
and χv |IFv= ǫ(2−k)/2
for v | p.
• If v‖nΣ/n−1 , then ρΣ |GFv=
(
χ−1v ǫ ∗
0 χv
)
for some character χv : GFv → T×Σ with
χv(Frobv) = Uv.
• If v | n−1 , ρΣ |GFv=
(±ǫ ∗
0 ±1
)
.
Let v | n/n−1 be a prime such that v 6∈ Σ. We define a level raising map Lv : SΣ → SΣ∪{v} and an
element uΣ,v ∈ TΣ as follows:
• if mv = 2, we put uΣ,v = 0,
Lv(f) = N(v)f −
(
1 0
0 ̟v
)
Tvf +
(
1 0
0 ̟2v
)
f.
• If mv = 1, we have a congruence x2 − Tvx +N(v) ≡ (x − ǫv)(x −N(v)ǫv) (mod ̟). By
Hensel’s lemma ǫv lifts to a unique root uΣ,v of x2 − Tvx+N(v) since N(v) 6≡ 1 (mod p).
And we put
Lv(f) = uΣ,vf −
(
1 0
0 ̟v
)
f.
• One can verify immediately that Lv ◦ uΣ,v = Uv ◦ Lv.
Lemma 9.2. The map Lv is injective.
Proof. This is [Tay06, Lemma 3.1]. Both of the above cases rely on the the strong approximation
theorem and the fact that mΣ is non-Eisenstein. 
It follows then that the map TΣ∪{v} → TΣ induced by sending Uv to uΣ,v is surjective. In particular
we have a surjective map TΣ ։ T∅. Let λΣ : TΣ → T∅ → Of be the composite morphism and let
IλΣ be its kernel. Set
SΣ[λΣ] = {c ∈ SΣ : IλΣc = 0}.
Lemma 9.3. The localized Hecke algebra TΣ is reduced.
Proof. We need to show that Uv is semisimple in TΣ. When v ∈ Σ and mv = 2, Uv = 0
see [Tay06, Corollary 1.8]. And the case mv = 1 follows from our assumption (n+-DT) since
Uv =
(
Tv −1
N(v) 0
)
under a suitable basis. 
Hence by strong multiplicity one and the above lemma, we conclude that SΣ[λΣ] is rank one over
Of . Let SΣ[λΣ] be the dual module defined by
SΣ[λΣ]
⊥ = {c ∈ SΣ[λΣ]⊗ Ef : 〈c, x〉nΣ ∈ Of , ∀x ∈ SΣ[λΣ]}.
Then the congruence module for λΣ is defined by C(nΣ) = SΣ[λΣ]⊥/SΣ[λΣ] and µΣ = λΣ(AnnTΣ(IλΣ))
is called the congruence ideal. Then we have the following criterion for the freeness of SΣ over TΣ.
Lemma 9.4. #C(nΣ) ≤ #(Of/µΣ) and equality holds if SΣ is free over TΣ.
Proof. This is the numerical criterion in [Dia97b, Theorem 2.4]. 
Lemma 9.5. If v‖n/n∅ and v 6∈ Σ, then #C(nΣ∪{v}) = #C(nΣ)#(Of/((λ∅(u∅,v)2 − 1)Of ).
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Proof. Let L∗v : SΣ → SΣ∪{v} be the adjoint map of Lv with respect to 〈.〉nΣ and 〈.〉nΣ∪{v} .
Then by Lemma 9.2 and the above discussion, we have Lv(SΣ[λΣ]) = SΣ∪{v}[λΣ∪{v}] and dually
L∗v(SΣ∪{v}[λΣ∪{v}]⊥) = SΣ[λΣ]⊥.
A direct computation shows that L∗v = [U
(
̟v 0
0 1
)
U
′] − [UU′] for U = R̂×nΣ and U′ = R̂×nΣ∪{v} .
Thus we have
(9.1)
L∗v ◦ Lv = uΣ,v[U
(
̟v 0
0 1
)
U]uΣ,v − (1 +N(v))uΣ,v[U
(
̟v 0
0 1
)
U]
− (1 +N(v))uΣ∪{v}[UU] + [U
(
1 0
0 ̟v
)
U]
= (1 + u2Σ,v)Tv − 2uΣ,v(1 +N(v)).
Since u2Σ,v − TvuΣ,v +N(v) = 0, we obtain
L∗v ◦ Lv = u−1Σ,v(u2Σ,v − 1)(u2Σ,v −N(v)).
Since by (n+-DT), we have u2Σ,v −N(v) ≡ 1−N(v) 6≡ 0 (mod mΣ). Hence
(9.2)
#C(nΣ∪{v}) = #(SΣ∪{v}[λΣ∪{v}]⊥/SΣ∪{v}[λΣ∪{v}])
= #(SΣ[λΣ]
⊥/L∗v ◦ Lv(SΣ[λΣ]))
= #SΣ[λΣ]
⊥/(SΣ[λΣ]).#SΣ[λΣ]/L∗v ◦ Lv(SΣ[λΣ])
= #C(nΣ).#Of/(λ∅(u∅,v)2 − 1)Of .

9.2. Deformation ring and its tangent space. Let DΣ : CNLOf → SET be the functor that
sends a complete Noetherian local Of -algebra A to the set DΣ(A) of representations ρA : GF →
GL2(A) such that
• ρA ≡ ρ¯f (mod ̟A).
• ρA is minimally ramified outside n−1 Σ in the sense of [Dia97a].
• For v | p, there is a character χv : GF → A× such that
ρA |GFv=
(
χ−1v ǫ ∗
0 χv
)
with χv |IFv= ǫ(2−k)/2.
• For v | nΣ/n∅, there exists a unramified character χv : GFv → A× such that
ρA |GFv=
(
χ−1v ǫ ∗
0 χv
)
.
• For v | n−, then
ρA |GFv=
(±ǫ ∗
0 ±1
)
with ̟A | ∗.
It is well-known that this deformation functor is representable by RΣ and we have a universal
deformation ρΣ : GF → GL2(RΣ) for the residual Galois representation. In particular the universal
property of RΣ induces two maps RΣ → R∅ and RΣ → TΣ.
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Lemma 9.6. The map RΣ → TΣ is surjective.
Proof. This is clear because:
• If v ∤ nΣ, then Tr ρRΣ(Frobv)→ Tv ∈ TΣ.
• If v2 | n, then Uv = 0 ∈ TΣ.
• If v | n−1 , then Uv = ±1 ∈ TΣ.
• Finally if v‖nΣ/n−1 ,
ρΣ |GFv=
(
χ−1v ǫ ∗
0 χv
)
such that χv(Frobv)→ Uv ∈ TΣ.

Consider the composite morphism RΣ → R∅ → T∅ λ∅−→Of . Denote by ℘Σ the kernel of the
composite morphism. Set Wρ = ad0ρλ∅ ⊗ Ef/Of . Define the subspace W+ρ = {
(
a b
0 −a
)
} ⊂
Wρ = {
(
a b
c −a
)
}. We will define the Selmer group SelΣ(Wρ) by choosing local conditions {Lv}
for various v.
• For v‖nΣ/n∅, we let Lv = H1(Fv,W+ρ ).
• For v | n−1 , we choose a lift of Frobenius denoted by Frobv, and let Lv = ker{H1(GFv ,Wρ)→
H1(〈Frobv〉,Wρ)}.
• For v at other places, Lv = H1f (GFv ,Wρ) for the usual local Bloch-Kato group cf. (8.1).
Then the adjoint Selmer group is defined by
SelΣ(Wρ) = ker{H1(F,Wρ)→
∏
v
H1(Fv,Wρ)/Lv}.
The Selmer group controls the tangent space of the deformation ring RΣ in the following manner:
(9.3) Hom(℘Σ/℘2Σ, Ef/Of ) ≃ SelΣ(Wρ).
We denote by Σ(2) the subset of prime factors v of n/n∅ with mv = 2. Assume Σ(2) ⊂ Σ we have
the following divisibility:
Lemma 9.7. #SelΣ(Wρ)/#SelΣ(2)(Wρ) |
∏
v‖nΣ/n∅ #H
1(IFv ,W
+
ρ )
〈Frobv〉.
Proof. Put W−ρ = Wρ/W
+
ρ and let v | nΣ/n∅. Observe that we have the following commutative
diagram:
0 −−−−→ H1(GFv/IFv ,Wρ) −−−−→ H1(GFv ,Wρ) π−−−−→ H1(IFv ,Wρ)〈Frobv〉 −−−−→ 0y π1y π2y
0 −−−−→ H1(GFv/IFv ,W−ρ ) −−−−→ H1(GFv ,W−ρ ) −−−−→ H1(IFv ,W−ρ )〈Frobv〉 −−−−→ 0.
By (n+-DT), we knowN(v) 6≡ 1 (mod p) and henceH0(GFv/IFv ,W−ρ ), H0(GFv ,W−ρ ) andH1(GFv/IFv ,W−ρ )
are all zero. It follows then from the snake lemma that:
• ker(π1) = Lv = H1(GFv ,W+ρ ).
• H1(GFv/IFv ,W+ρ ) = H1(GFv/IFv ,Wρ).
• H1(IFv ,W+ρ )〈Frobv〉 = H1(GFv ,W+ρ )/H1(GFv/IFv ,W+ρ ) = Lv/H1(GFv/IFv ,W+ρ ).
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Then our claim follows from the tautological exact sequence:
0→ SelΣ(2)(Wρ)→ SelΣ(Wρ)→
∏
v‖nΣ/n∅ Lv/H1(GFv/IFv ,W+ρ ).

As a corollary we obtain
Corollary 9.8. #(℘Σ/℘
2
Σ) | #(℘Σ(2)/℘2Σ(2))
∏
v|n/n∅ #(Of/(λ2∅(u∅,v)− 1)Of ).
Proof. By a standard calculation using the Euler characteristic formula:
#H1(IFv ,W
+
ρ )
〈Frobv〉 = #H1(GFv ,W
+
ρ )/#H
1(GFv/IFv , (W
+
ρ )
IFv )
= #H1(GFv ,W
+
ρ )/#H
0(GFv ,W
+
ρ )
= #H0(GFv ,W
+
ρ (1)).
A direct calculation shows that
#H0(GFv ,W
+
ρ (1)) = #Of/(N(v)− 1)(λ2∅(u∅,v)− 1)Of .
This calculation combined with Lemma 9.7 and (9.3) conclude this corollary. 
Now we can prove the main result of this chapter.
Theorem 9.9. Assume (CR+) and (n+-DT) hold, the module SΣ is free over TΣ of rank 1.
Proof. By [Tay06, Theorem 3.2], we have #℘Σ(2)/℘2Σ(2) | #C(nΣ(2) ). Since we know #C(nΣ) =
#C(nΣ(2))
∏
v‖nΣ/nΣ(2) #Of/(λ
2(u∅,v)−1)Of by Lemma 9.5 and#(℘Σ/℘2Σ) | #(℘Σ(2)/℘2Σ(2))
∏
v|n/n∅ #(Of/(λ2∅(u∅,v)−
1)Of ) by Corollary 9.8, we have #℘Σ/℘2Σ | #C(nΣ). Then the desired multiplity one result follows
from [Dia97b, Theorem 2.4]. 
10. µ-invariant and Φ-functor
Recall we have proved the one divisibility result towards the anticyclotomic Iwasawa main conjec-
ture in Theorem 7.17 under a slightly stronger condition (n+-min) than (n+-DT). In this section,
we relax (n+-min) and (n+-DT). The reason for assuming a stronger condition in Theorem 7.17 is
that the Euler system method we employ relies on the freeness result Proposition 7.6. In order to
relax the condition (n+-min), we need to recover the freeness of the Selmer group. A closer look at
the Euler system argument in Section 7.3 shows that we in fact only need the freeness of a larger
Selmer group, namely Ŝel
Sn+
∆ (K∞, Tf,n).
10.1. Greenberg-Vastal method. To relax the assumption (n+-min) to (n+-DT), we study the
Iwasawa µ-invariant. And the following method is based on the unpublished note by Pollack-
Weston communicated to us by Chan-Ho Kim and their preprint [PWK15]. The key observation
is the following theorem.
Theorem 10.1. Under the condition (CR+) and (n+-DT), Seln−(K∞, Af ) is Λ cotorsion and the
algebraic µ-invariant
µ(Seln−(K∞, Af )
∨
)
vanishes.
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Proof. Let g be a Hilbert modular form congruent to f modulo ̟ which satisfies (CR+) and
(n+-DT). Notice the existence of such g is guaranteed by level-lowering [Jar99]. Then the theorem
for g follows immediately from Theorem 7.17 and the main result of [Hun14, Theorem B] concerning
the analytic µ-invariant. Since all primes dividing n+ splits in K, we can apply the same method
as [GV00, Cor 2.3] and conclude that Seln
+
n−(K∞, Ag) is Λ-cotorsion with vanishing µ-invariant.
Since g is obtained from f by level lowering, an adaption of the method of [GV00, Prop 2.8]
shows that Seln
+
n−(K∞, Af )[̟] = Sel
n+
n−(K∞, Ag)[̟]. The point is that when we relaxed the local
condition at n+ for our Selmer groupsSeln
+
n−(K∞, Af )[̟] (resp. Sel
n+
n−(K∞, Ag)[̟]) only depends
on the residual representation Af,1 = Ag,1. Since Seln
+
n−(K∞, Ag) is known to be cotorsion with
vanishing µ-invariant, Seln
+
n−(K∞, Ag)[̟] is finite. This implies in turn that Sel
n+
n−(K∞, Af )[̟] is
finite. Then we can conclude that Seln
+
n−(K∞, Af ) is cotorsion with vanishing µ-invariant. Now
the same reasoning as in [GV00, Cor 2.3] allows us to conclude that Seln−(K∞, Af ) has the same
properties. 
For any place v of F , we put Hv = lim−→m
∏
ω|vH
1(Km,ω, Af ).
Lemma 10.2. Let S be finite set of places of F that are away from n, then we have an exact
sequence:
0→ Seln+n−(K∞, Af )→ SelSn
+
n− (K∞, Af )→
∏
v∈S
Hv → 0.
Proof. This follows from the definition except for the surjectivity of the last map. The same
method as in [PW11, Proposition A.2] applies showing the surjectivity. 
Lemma 10.3. Let l be an n-admissible prime for f , then we have Hl ∼= (Λ/̟t)∨ for some t ≥ n.
Proof. First notice that as l splits in K∞, for each m we have
H1(Km,l, Af ) = H
1(Kl, Af )⊗Of [Gal(Km/K)].
We consider the inflation-restriction exact sequence
0→ H1(Kurl /Kl, Af )→ H1(Kl, Af )→ H1(Il, Af )Gal(K
ur
l /K) → 0.
First of all, H1(Kurl /Kl, Af ) = Af/(γ − 1)Af for a topological generator of Gal(Kurl /Kl). This
shows that H1(Kurl /Kl, Af ) = 0. On the other hand H
1(Il, Af ) ∼= Hom(Il, Af ) = Hom(Zp(1), Af )
and thus H1(Il, Af )Gal(K
ur
l /Kl) = Hom(Il, Af )
Gal(Kurl /Kl). By the n-admissibility of l, the two
eigenvalues α2 and β2 of Frobl onAf has the property that α ≡ ǫl (mod ̟n) and β ≡ ǫlN(l) (mod ̟n).
Note also that Frobl acts by N(l)2 on Zp(1), it follows therefore Hom(Il, Af )Gal(K
ur
l /Kl) = Of/̟t
for the largest power t such that β ≡ N(l) (mod ̟t). Then it is clear that by taking the direct
limit with respect to m, we obtain the desired result. 
Corollary 10.4. SelSn
+
n− (K∞, Af )
∨
is pseudo-isomorphic to a Λ-module of the form:
(
#S⊕
i=1
Λ/̟ti)× Y
with each ti ≥ n and Y a torsion Λ-module with µ(Y ) = 0.
Proof. This is proved by combining the Lemma 10.2 and Lemma 10.3. 
Remark. Note that the above corollary implies in particular that µ(SelSn
+
n− (K∞, Af )
∨
) ≥ n#S.
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10.2. Φ-functor. For each n ≥ 1, Pollack-Weston defined the following functor:
(10.1) Φ : {cofinitely generated Λ-module} → {finitely generated Λ/̟n-module}
where Φn(S) = lim←−m S[̟
n]Γ
m
for the group Γm = Gal(K∞/Km). And the transition map is given
by the trace map.
The following lemma collects some properties of this functor.
Lemma 10.5. (1) The functor Φn is covariant and left exact.
(2) Φn(S) = Φn(S[̟n]).
(3) If S is finite, then Φn(S) = 0.
Proof. Only the third point needs some explanation as the others follow from the definitions. For
the third point, notice that Γm fixes S for m sufficiently large. Then the transition map becomes
simply multiplication by p. The third point follows. 
Lemma 10.6. Let 0→ A→ B → C → 0 be an exact sequence of cofinitely generated Λ-modules.
(1) If C is finite, then Φn(A) = Φn(B).
(2) If A is finite, then Φn(B) = Φn(C).
Proof. The first part follows immediately from the previous lemma and the fact that Φ is left
exact.
For the second point, we first take the ̟n torsion of the exact sequence to obtain:
0→ A[̟n]→ B[̟n]→ C[̟n]→ A/̟n.
Then for some finite H , we have
0→ A[̟n]→ B[̟n]→ C[̟n]→ H → 0.
We split this exact sequence into two short exact sequences:
0→ A[̟n]→ B[̟n]→ C′ → 0
and
0→ C′ → C[̟n]→ H → 0.
By applying the previous lemma, we have Φn(C′) ∼= Φn(C[̟n]) ∼= Φn(C). For the first exact
sequence, we take Γm invariant to get
0→ A[̟n]Γm → B[̟n]Γm → (C′)Γm → H ′ → 0
for some finite H ′. Again by breaking the this four term exact sequence into two short exact
sequence, we have
0→ A[̟n]Γm → B[̟n]Γm → C′m → 0
and
0→ C′m → (C′)Γ
m → H ′ → 0
where C′m is again finite. Taking inverse limit with respect to n yields:
0→ Φn(A)→ Φn(B)→ lim←−
m
C′m → 0
where the left exactness is guaranteed by the finiteness of A and the Mittag-Leffler condition.
Then we get Φn(B) = lim←−m C
′
m. The same reasoning applied to the second exact sequence yields
lim←−C
′
m
∼= Φn(C′). Therefore Φn(B) = Φn(C′) = Φn(C). 
Corollary 10.7. If A and B are two cofinitely generated Λ-modules which are pseudo-isomorphic,
then Φn(A) ∼= Φn(B)
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Proof. In light of the definition of pseudo-isomorphism, this follows immediately from the two
previous lemmas. 
Proposition 10.8. For a fintely generated cotorsion Λ-module Y with vanishing µ-invariant,
Φn(Y
∨) = 0 for all n ≥ 1.
Proof. By the structure theorem of finitely generated cotorsion Λ-module Y , we can assume that
Y = Λ/fΛ for some f coprime to p. Then we have Φn(Y∨) ∼= Φn(Y∨[̟n]) ∼= Φn((Y/̟n)∨). As
Y/̟n = Λ/(f,̟n) is finite, it follows that Φn(Y∨) = 0 
Proposition 10.9. If Y = Λ/̟t with t ≥ n, then Φn(Y∨) ∼= Λ/̟n.
Proof. By definition, we have
Φn((Λ/̟
tΛ)
∨
) = lim←−
n
(Λ/̟t)
∨
[̟n]Γ
m ∼= lim←−
n
(Λ/̟n)Γm
∨
∼= lim←−
n
Of,n[Γm]∨.
By the Gorensteiness of Of,n[Γm]∨, Of,n[Γm]∨ ∼= Of,n[Γm] and the transition maps with respect
to n are compatible with this isomorphism. It follows the that
Φn((Λ/̟
tΛ)
∨
) ∼= lim←−
n
Of,n[Γm]∨ ∼= lim←−
n
Of,n[Γm]
∼= Λ/̟n.

10.3. Finish of the proof.
Proposition 10.10. We have Φn(SelSn
+
n− (K∞, Af )) = Ŝel
Sn+
n− (K∞, Tf,n).
Proof. We evaluate the functor Φn at SelSn
+
n− (K∞, Af ):
Φn(SelSn
+
n− (K∞, Af )) ∼= lim←−
n
SelSn
+
n− (K∞, Af )[̟
n]Γ
m ∼= ŜelSn
+
n− (K∞, Tf,n)
where the last isomorphism is given by the control theorem treated in Proposition 2.10.

Theorem 10.11. The compact Selmer group Ŝel
Sn+
n− (K∞, Tf,n) is free of rank #S over Λ/̟
n.
Remark. This theorem improves Proposition 7.6.
Proof. By Corollary 10.4, we know SelSn
+
n− (K∞, Af )
∨
is pseudo-isomorphic to
(
#S⊕
i=1
Λ/̟ti)× Y
for some Y with vanishing µ-invariant. Combining Proposition 10.8 and Proposition 10.9, we have
Φn(SelSn
+
n− (K∞, Af )) ∼= (Λ/̟n)#S .
Hence Ŝel
Sn+
n− (K∞, Tf,n) ∼= (Λ/̟n)#S by Proposition 10.10. 
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Now Theorem 7.17 can be improved by assuming the desired assumption (CR+) and (n+-DT).
Note it suffices to use a larger Selmer group Ŝel
Sn+
∆ (K∞, Tf,n) in the proof of Theorem 7.9. The
proof of the following freeness theorem for this Selmer group will provide all the missing ingredients
to prove our main result Theorem 1 assuming (CR+) and (n+-DT) cf. Corollary 7.7 .
Lemma 10.12. Let ∆ be a square free product of n-admissible primes in F with n− and S be a
square free product of primes in F away from np. Assume only (CR+), then
(1) Ŝel
n+S
∆ (K∞, Tf,n)/mΛ = Sel
n+S
∆ (K,Tf,1).
(2) Ŝel
n+S
∆ (K∞, Tf,n) is free over Λ/̟
n.
Proof. The proof of (1) i.e. the control theorem follows from Corollary 7.7 since we are relaxing
conditions on n+.
As for (2), we have proved in Theorem 10.11 that Ŝel
n+S
n− (K∞, Tf,n) is free. To prove Ŝel
n+S
∆ (K∞, Tf,n)
is free, it suffices to consider the case when ∆ = ln− for a single n-admissible prime l. For this we
consider the following exact sequence
0→ ŜelS∆(K∞, Tf,n)→ Ŝel
Sl
n−(K∞, Tf,n)→ Ĥ1fin(K∞,l, Tf,n)→ 0.
This exact sequence results from the decomposition
Ĥ1(K∞,l, Tf,n) = Ĥ1fin(K∞,l, Tf,n)⊕ Ĥ1ord(K∞,l, Tf,n)
in Lemma 2.7. The freeness of Ŝel
S
∆(K∞, Tf,n) follows from the freeness of Ŝel
Sl
n−(K∞, Tf,n) and
that of Ĥ1fin(K∞, Tf,n). 
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